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TO HIS GRACE

C H A R L E s,

DUKE or RICHMOND, LENNOX, anp AUBIGNY,
&c. &c, &c.

MASTER GENERAL or Tee ORDNANCE.

MY LORD,

SHOULD this finall performance ¢on-
tinue to prove ufeful to the Inftitution for
which it was compofed, or become accept-
able to the public; its exiftence, as well

as its publication, muft be afcribed to Your
Gract.

But, my Lorp, the particular injun&ions
to avoid panegyric, under which ,permiffion
for this dedication was granted, preclude
me from explaining how the advanced ftate of
learning in the Royal Military Academy ren-
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dered fuch a*work neceffary : fince this would

be to enumerate the means by which, under
Your Aufpic:es, this inftitution has attained
a degree of perfe&tion, which perhaps few
public ones have ever equalled, none certainly

have exceeded.
To Your GRACE therefore, with all Re-
fpe&, this work is moft humbly dedicated by,
My Lorbp,
Your GRACE’s
moft obedient,
moft dcvoted, and

moft humble fervant,

CHARLES HUTTON.

Royal Mil. Acad,
Aug. 24, 1787,



P R E F A C EL

THE want of a proper fet of exercifes, ap-
plied to the different branches of mathematical
knowledge, which are deemed requifite to the
military profeffion, induced me to draw up the
following fheets. Their utility to the ftudents in
the Royal Military Academy, having been fully
eftablithed, rccommended them to the confider-
ation of the Mafter General; and His Grace
has been pleafed to order them to be printed.

The mifcellaneous form of this {mall work,
arifes from its confifting chiefly of praétical quef-
tions in moft of the {ciences now taught in the
Academy. Although Invention was not my im-
mediate objet, yet throughout the whole there
will be found many things that are new, in

A 2 point



vii PREFACE

point of matter, but more fo in the manner of
treating the fubjects.

In the Conic Setions there are feveral new
and important properties difperfed through the .
books; and it is prefumed that this branch
is treated in a way better adapted to its intended
ufe, than heretofore. The propofitions, although
demonftrated in a manner ftri¢tly geometrical,
have this peculiarity, that only the firft pro-
perty of each fection is demonftrated from the
cone itfelf, and all the fubfequent ones derived
from the firft, or from each other, in an eafy and
natural way, without introducing any arbitrary
organical defcription of curves in plano. The
arrangement of the fteps in feparate lines is
alfo found to be an advantage, as it renders the
demonftrations more eafly to be comprehended,
by prefenting the whole to the eye in one con-
nected view. And another very confiderable im-
provement arifes from the application of a
new and general property concerning the inter-
fetions of a right line, with any of the curves,
in two points : by mcans of which the general
properties of the oblique ordinates, to any dia-
meter, are cafily deduced, without the forced
and perplexed confideration of the areas of cer-
1ain {paces, .

Phe feveral prepofitions and properties, in the
three curves or fe(tions, arc alfo arranged in fuclt
4 order,
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order, and enunciated in fuch manner, as to thew
which properties are common to the different
feGtions; and in particular it will be found, that
moft of the definitions and {cholia are common
to all the three curves; and that all the pro-
pofitions and demontftrations of the ellipfe, are
literally the fame with thofe of the hyperbola :
a circumftance which muft render both the
learning and the remembering of the properties
much eafier than heretofore.

The colle@tion of practical queftions, which
follow the Conic Sections, are moftly given
without folutions, their anfwers only being fet
down, as probationary exercifes to certain rules
and branches of frience contained in moft books
relating to thefe fubjects. But the laft colle&tion,
concerning forces, and the accompanying cir-
cumftances of time, fpace, and the velocity ge-
nerated, have folutions annexed to them ; as they
require a knowledge of fome other principles be-
fides thofe that are ufually found in the common
books of fcience. Many of the problems in this
part may, indeed, be met with elfewhere; but
it is prefumed, that the folutions will be found in
general, either new, or attended with confidcrable
Inprovement. ‘

I have taken the liberty alfo to enrich this part
with fome new and ufeful problems relating
to
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to the times of filling and emptying the ditches of
fortifications, or other receptacles, < with water,
entering and evacuating them under certain cir-
cumftances. Thefe curious problems, His Grace
the Mafter General of the Ordnance was pleafed
to propofe at a late examination of the Gen-
tlemen Cadets; and the folutions at large, of
fuch important propofitions, are here publifthed,
as far ag I know, for the firft time.

To thefe fucceeds the common theory of the
motion of bodies in relifting mediums, but de-
livered in a manner, I truft, better adapted to
practical purpofes than in any former publi-
cation.

The volume then concludes with a com-
pendium of fome experiments, lately made to
afcertain the actual refiftance of the air to
given furfaces, moving through it with given
velocities, and different degrees of inclination :
experiments, which it is to be withed muay be
farther profecuted, as it is by fuch meaus only
that the true theory of military projettiles, as
well as other branches of natural philofophy,
can be improved to any degree of practical
utility. ‘

C ON-
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CONIC SECTIONS.

DEFINITIONS.

I. ONIC fections are the figures made by the mu-
tual interfetion of a cone and a plane.

2. According to the different pofitions of the cutting
plane, there arife five different figures or fections, namely,
a triangle, a circle, an ellipfe, a parabola, and 2n hyperbola :
the threc laft of which only are peculiarly called conic
fections.

3. If the cutting plane pafs through the W\
vertex of the cone, and any part of the bafe, / /
the fection will evidently be a triangle; as /4 /"%y
VAB. . N )

‘4. If the plane cut the cone parallel to g{:é@
t{w bafe, or make no angle with it, the 7
fection will be a circle ; as ABD. S ",



2 CONIC SECTIONS.

5. The fe&ion pas is an ellipfe,
when the cone is cut obliquely throygh
both fides, or when the plane 1s$
clined to the bafe in alefs angle ﬁ!an
the fide of the cone is.

6. The f&ction is a parabola, when
the cone is cut by a plane parallel to
the bafe, or when the cutting plane
and the fide of the cone make equal
angles with the bafe.

7. The fecion is an hyperbola, when the
cutting plane makes a greater angle with
the bafe than the fide of the cone makes.

8. And if all the fides of the cone be
continued through the vertex, forming an
oppofite equal cone, and the plane be alfo
continued to cut the oppofite cone, this
latter fection will be the oppofite hyper-
bola to the former ; as dse.

g. The vertices of any fection, are the points where the
cutting plane mects the oppofite fides of the cone, or the
fides of the vertical triangular fection; as A and B.

Hence the ellipfe and the oppofite hyperbolas, have each
two vertices ; but the parabola only one; unlefs we con-
fider the other as at an infinite diftance.

10. The Axis, or Tranfverfe Diameter, of a conic
fection, is the line or diftance AB between the vertices.

Hence, the axis of a parabola is infinite in length, ab
being only a part of it.
11. The
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Ellipfe. Oppos. Hyperb. Parabola;

G

11. The Center c is the middle of the axis.

Hence the center of a parabola is infinitely diftant from
the vertex. And of an ellipfe the axis and center lie
within the curve ; but of an hyperbola without.

12. A Diameter is any right line, as AB or DE, drawn
through the center, and terminated on each fide by the
curve; and the extremities of the diameter, or its inter-
fections with the curve, are its vertices.

Hence all the diameters of a parabala are parallel to the
axis, and infinite in length. And hence alfo every diame-
ter of the ellipfe and hyperbola have two vertices ; but of
the parabola only one ; unlefs we confider the other as at
an infinite diftance.

13. The Conjugate to any diameter, is the line drawn
through the center, and parallel to the tangent of the curve
at the vertex of the diameter. So FG, parallel to the tan-
gent at b, is the conjugate to DE ; and HI, parallel to the
tangent at A, is the conjugate to AB.

/

“Hence the conjugate HI, of the axis AB, is perpendi-
cular to it. '

B2 Ellipfe.
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Ellipfe. Oppos. Hyperb. ~ Parabola.

M

n

14. An Ordinate to any diameter, is aline parallel to
its conjugate, or to the tangent at its vertex, and termi-
nated by the diameter and curve. So DK, EL are ordi-
nates to the axis AB; and MN, No ordinates to the diame-
ter DE.

Hence the ordinates to the axis are perpendicular to it.

15. An Abfcifs is a part of any diameter contained be-
tween its vertex and an ordinate to-it; as AK or BK, Or
DN of EN.

Hence, in the ellipfe and hyperbola, cvery ordinatc has
two abfcifles; but in the parabola, only onc ; the other
vertex of the diameter being infinitely diftant.

16. The Parameter of any diameter, is a third pro-
portional to that diameter and its conjugate.

17. The Focus is the point in the axis where the ordi-
nate is equal to half the parameter. As x and L, where
DK or EL is equal to the femi-parameter.

_ Hence, the ellipfe and hyperbola have each two foci;
but the parabola only one.

18. If DAE, FBG be two oppofite hyperbolas having aAB

for their firft or tranfverfc axis, and ab for their iccond or
con-
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conjugate axis. And if dac, fbg be two other oppofite
hyperbolas having the fame axes, but in the contrary
order, namely, ab their firft axis, and AB their fecond ;
then thefe two latter curves dae, fbg, arc called the con-
jugate hyperbolas to the two former DAE, F3G ; and cach
pair of oppofite curves mutually conjugate to the other.

19. And if tangents be drawn to the four vertices of
the curves, or extremities of the axcs, forming the in-
fcribed rectangle HIKL the diagonals HCK, 1cL of this
reGtangle, are called the afymptotes of the curves.

SCHOLIUM.

The reftangle infcribed between the four conjugate
hyperbolas, is fimilar to a rectangle circumfcribed about
an cllipfe by drawing tangents, in like manner, to the
four extremitics of the two axes; and the alymptotes or
diagonals in the hyperbola, are analogous to thofe in the
ellipfe, cutting this curve in fimilar points, and making
thc pair of equal conjugate diameters. Moreover, the
whole figure, formed by the four hyperbolas, is, as it
were, an cllipfe turned infide out, cut open at the ex-
‘tremities D, E, F, G, of the faid equal conjugate diameters,
and thofe four points diawn out to an infinite diftance,
the curvature being turned the contrary way, but the
axes, and the reftangle paffing through their cxtremities,

continuing fixed.
B 3 COROL-
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COROLLARY I.

Ellipfe. Hyperbola. Parabola.
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In the ellipfe, the femi-conjugate axis, cp or CE, is a
mean proportional between co and cp, the parts of the
diameter op of a circle drawn through the center c of the
ellipfe, and parallel to the bafe of the cone. For bE is
a double ordinate in this circle, being perpendicular to
op as well as to AB.

In like manner, in the hyperbola, the length of the
femi-conjugate axis, CD or CE, is a mean proportional
between co and cp, drawn parallel to the bafe, and meet-
ing the fides of the cone in o and p. Or, if A0’ be
drawn parallel to the fide vB, and meet pc produced in
o/, making co’ = co; and on this diameter o’p a circle
be drawn parallel to the bafe : then the femi-conjugate cp
or ck will be an ordinate of this circle, being perpendi-
cular to o’ as well as to aB.

Or, in both figures, the whole conjugate axis DE is-a
mean proportional between QA and BR, parallel to the
bafe of the cone. For, becaufe AB is double of ac or
cB, theérefore, by fimilar triangles, Qa is double of oc,
and BR double of cp; confequently

DE®* or 2C- 2E, or 2CO0- 2CP is = QA «BR, Qr
QA : DE:: DE : BR.
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In the parabola both the tranfverfe and conjugate are
infinite ; forr AB and BR are both infinite.

CoroL. 2. In all the fections Ac will be equal to the
parameter of the axis, if QG be drawn making the
angle AQG equal to the angle BAR.

For, by the definition, AB: DE :: DE : p the param.
But by corol. 1, BR ! DE :: DE @ AQj
Therefore AB I BR I AQ_ p.

But, by fimilar triangles, aB : BR :: AQ_: AG;

And therefore AG = p the parameter.

%

In like manner Bg will be equal to the parameter p, if
Rg be drawn to make the angle BRg = the angle ABQ;
fince here alfo AB : AQ_:: BR : BG = p.

Coror. 3. Hence the upper hyperbolic fe&ion, or
fection of the oppofite cone, is equal and fimilar to the
lower fedtion. For the two feltions have the fame
tranfverfe or firft axis aB, and the fame conjugate or
fecond axis DE, which is the mean proportional between
aQ.nd RB; they have alfo cqual parameters ac, BgZ.
So that the two oppofite fections make, as it were, but
the two oppofite ends of one entire felion or hyperbola,
the two being every where mutually equal and fimilar.
Like the two halves of an ellipfe, with their ends
turned the contrary way.

CEpr. 4. And hence, although both the tranfverfe
and conjugate axis in the parabola be infinite, yet the
Jormer is infinitely greater than the latter, or has an
infinite ratio to it. For the tranfverfe has the fame ratio
to the conjugate, as the conjugate has to the pargmater,
that is, as an infinitc to a finite quantity, which is an
infinite ratio.

B4 OF



OF THE ELLIPSE.

PROPOSITION 1.

The Squares of thc Ordinates of the Axis are to each
other as the ReCtangles of their Abfcifles.

Let avs be a plane paffing vy
through the axis of the cone;
aciH another feltion of the
cone perpendicular to the plane
of the fornmier; AB the axis of
this elliptic feétion; and FG, HI
ordinates perpendicular to it.
Then I fay that
FG? : HI® :: AF+«FB: AH. HB.

For, through the ordinates
FG, HI draw the circular .
fections K G1L, MIN parallel to the bafe of the cone, having
KL, MN for their diameters, to which FG, HI are ordinates,
as well as to the axis of the ellipfe.

Now, by the fimilar triangles AFL, AHN, and B}g BHM,
we have AF : AH:: FL : HN,
and FB: HB:: KF: MH;

hegcg, takmg the retangles of the correfpondmg terms,

e have the re®t. AF.FB: AH.HB :: KF:FL : MH+HN.
But,by the nature of the circle, KF-FL =¥G? and MH-HN = HI*;
Therefore the rect. AF+FB: AH+HB :: FG* : HIX.  QE.D.
‘ CoroL-
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Coror. 1. All the parallel fections are fimilar figures,
or have their two axes in the fame proportion ; that is,
AB:ab :: DE : de.

For, by fim. triang. aB :ab :: AqQ_: aq,

and AB :ab ::RB:r1b;

Theref. by comp. AB* :ab” :: AQeRrB : aq-rb.

But Aq:rB = DE?, and aq.tb = de*;

Therefore aB*: ab® :: DE*: de?,

or AB : ab :: pE : de.

Coror. 2. Hence alfo, as the property is the fame for
the ordinates on both fides of the diameter, it follows, that

1ft. At cqual diftances fiom the center, or from the
vertices, the ordinates on botn fides are equal, or that the
double ordinates arc bifedcted by the axis; and that the
whole figure, niade up of all the double ordinates, is alfo
bifected by the axis.

2d. The two foci are equally diftant from the center,

or from cither vertex.

Coror. 3. When the angle, which the plane of the
fedlion makes with the bafe of the cone, increafes till it be-
come cqual to the angle made by the fide of the cone and
the bafe, or till the feGtion be parallel to the oppofite fide of
the bafe ; then the axis becomes infinitely long, and the
ellipfe degenerates into a parabola; and becaufe then the
infinites ¥ and HB arc in a ratio of equality, the general

propcrty,
" namely AF+FB: AH+HB:: FG® : HI?,
becomes AF : AW :: FG? : HI?,

ory in the parabola, the abfciffes are to gach other, ¥ te
fquares of their ordinates.

PRO~-
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PROPOSITION 1II.

As the Square of the Tranfverfe Axis:
Is to the Square of the Conjugate  ::
So is the Re&angle of the Abfcifles:
To the Square of their Ordinate.

That is, AB®:ab* or AC? : ac® :: AD+DB . DE™

For, by prop. 1. Ac.cB: AD-DE :: ca*: DE*;
But, if cbe the center, then Ac.cB = Ac?,and cais the femi-conj.
Therefore AC? : ADDB :: aC*> : DE®;
or, by permutation, Ac*:ac* :: AD+DB : DE®;
or, by doubling, AB? :ab? ;: AD-DB : DE*. QE.D.
.
CoroL. 1. Or, becaufe the re&tangle Ap-DB = CA* = CD%
the fame property is CA®: ca®:: CA* — CD*: DE%
or AB®:ab® :: CA® — cD*: DE%
ab*

CoroL. 2. Or, bydiv. AB :__ :: ca>—cD*: DE%,
AB

“* that is, AB:p :: AD.DB or CA* — CD”: DE*;
2
where p is the parameter ab by the definition of it.
AB
That
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That is, As the tranfverfe,
Is to its parameter,
So is the reftangle of the abfcifles,
To the fquare of their ordinate.

CoroL. 3. When the axis AB is infinitely long, the
curve becomes a parabola, and the infinites AB, DB are
then in a rutio of equality; and then the laft property,

namely AB: p :: ADDB: DE*;

or AB'DE : AD+DB::p : DE
becomes DE: AD ::p : DE,
or AD : DE :: DE: p.

That is, in the parabola, the parameter is a third pro-
portional to any abfcifs and its ordinate.

PRO-
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PROPOSITION III.

As the Square of thc Conjugate Axis:
Is to the Square of the Tranfverfe Axis ::

So is the Redangle of the Abfcifles of the Conjugate,
or the Differcnce of the Squarces of the Semi-conjugate
and Diftance of the Center from any Ordinate of that
Axis:

To the Square of that Ordinate.

That is, ca®: cB® :: ad+db’or cd* — cd™: de*.

For draw the ordinate LD to the tranfverfe aAB.

*: DE%

Then, by cor. 1. prop. 2. CA*: ca®:: CA*—CD
But c¢p* = d&?% and pE* = cd%’
thercfore ca®: ca®::ca®* —de*: cd?
or by alternation,  cA*: ca® — dE*:: ca®: cd?
and_lzz)diviﬁon, ca®: dg*:: ca’\': ca®—cd? ¢
andbyX'ter. &inverf. ca®: ca®:: ca® — cd® : dE%" Q.E.D.

CoRroL.
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Coror. 1. Iftwo circles be defcribed on the two axes
as diameters, the one infcribed within the ellipfe, and the
other circumfcribed about it; then an ordinate in the
circle will be to the correfponding ordinate in the cllipfe,
as the axis of this ordinate, is to the other axis.

That is, CA : Ca:: DG : UE,
and ca:ca::dg:dE.

For, by the nature of the circle, AD+DB = DG*; theref. by
the nature of the ellipfe, ca: cal:: AD.pIN Of DG® : DE%
or CA :ca‘:DG:DE.
In like manner ca : cA :: dg,: deé
Moreover, by equality, DG : DE or cd :; dE or pc : dg.

Therefore cgG is a continued ftrait line.

CoroL. 2. Hence alfo, as the ellipfe and circle are
made up of the {ame number of correfponding ordinates,
which are all in the fame proportion of the two axes, it
follows that the areas of the whole circle and ellipfe, as
alfo of any like parts of them, are in the fume proportion
of the two axes, or as the fquare of the diameter to the
reCtangle of the two axes ; that is, the areas of the two
circles, and of theé ellipfe, are as the fquare of each axis
and the rectangle of the two, and therefore the cllipfe is a
mean proportional between the two circles.

PRO-
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PROPOSITION 1V.

The Square of the Diftance of the Focus from the
Center, is cqual to the Difference of the Squares of
the Semi-axis; Or, the Square of the Diftance be-
tween the Foci, is equal to the Diffcrence of the

Squares of #he two Axes.

That is, c¥* = cA®> — ca?,
or Ff* = AB* — ab3

For, to the focus F draw the ordinate FE; which,
by the definition, will be the femi-parameter. Then by
the nature of the curve ca®: ca®:: cA* — CF*: FE*;

and by the def. of the para.ca® : ca* :: ca* @ FE*;
therefore ca® = CcA* — CF*;
and by addit. and fubtr. cF* = caA* — ca*;
or, by doubling, Ff* = AB* — ab™ Q.E.D.

“CoroL. 1. The two femi-axes, and the focal diftance-

from the center,. are the fides of a right angled triangle
cra jygigl the diftance Fa from the focus to the extremity
of the tonjugate axis, is = ac the femi-tranfverfe.

For
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For, as above, cA* — ca* = cr?
and by right angled triangles Fa* — ca* = c¥?
therefore cA = Fa, and AB = Fa + fa.

CoroL. 2. The conjugate femi-axis ca is a mean
proportional between A¥, FB, or between Af, f, the dif-
tances of either focus from the two vertices.

For ca®* = CA® — CF* = CA = CF+CA — CF = AF+FB.

Coror. 3. The fame reftangle ar-FB of the focal
diftances from either vertex, is alfo equal to the rectangle
ac+FE under the femi-tranfverfe and its femi-parameter ;
fince this'laft is equal to the fquare of the femi-conjugate
by the definition of the parameter.

Or AF : FE :: AC : FB.

PR O-
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PROPOSITION V.

The Difference between the Semi-tranfverfe and a Line
drawn from the Focus to any Point in the Curve, is
equal to a Fourth Proportional to the Semi-tranfverfe,
the Diftance from the Center to the Focus, and the
Diftance from the Center to the Ordinate belonging to
that Point of the Curve.

That is, AC = FE = CI, or FE = AI;
and fE «— AC = cI, or fE = BI.
Where cA : cF :: cp : c1 the 4th proportional to ca, cF, cD.

For, by right angled triangles, FE* = Fp* + DE™.

$ . .
Now draw Ac parallel and equal to ca the femi-conjugate 3
and j6in cc meeting the ordinate DE in H.

Then, by prop. 2, cA® : AG®:: CA* — CD*: DE*;

Jll\nd, by fim. tri. caA®* : AG®:: CA* — CD*: AG* =— DH?;
confequently DE* = AG® = DH® = Cca* — DH®
Alfo FD = CF v» cp,and FD* = CF®* — 2CF+CD -+ CD*;
therefore FE* = CF* + Ca® — 2CF+CD = CD* — DH®

But
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But by prop. 4. ca® <+ CF* = cA® .
and, by fuppofition, 2CF.CD = 2CA-CI;
theref. FE* = cA* — 2CA.CI -+ CD* — DH%
But, by fuppofition cA®: cp*:: cF*or cA* — AG*: cI*;
and, by fim. tri.. ca®: cDp®:: cA® — AG*: cD* — DH?;
therefore Cc1* = cp? — DH?;
confequently FE* = CA® — 2CA+CI -+ CI™.
And the root or fide of this fquare is FE = CA — cI = Al

In the fame manner is found fE = ca 4+ ¢1 = BI.  'Q.E.D.

CoroL. 1. Hence c1or ca — FE is a 4th proportional
to ca, CF, CD.

CoroL. 2. And fE— FE = 2c1; that is, the dif-
ference between two lines drawn from the foci, to any
point in the curve; is double the 4th proportional to

CA, CF, CD.

C PRO~
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PROPOSITION VL
The Sum of two Lines drawn from the Foci, to meet in
any Point of the Curve is equal to the Tranfverfe

Axis.

That is, FE + fE = AB.

For, by the laft prop. FE = €A — c1 = Al
and, by the fame, fE = cA + c1 = BI;
theref. by addition, FE--fe = aB.

- Coror. Hence is derived the common method of de-
fcribjgsisghe curve mechanically by points, or with a thread,

thus.

In
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In the tranfverfe take the foci r, f, and any point 1.
Then with she fgadii A1, BI, and centers F, f; de-
fcribe arcs interfeGting in E, which will be a point in
the curve. In like manner, afluming other points 1,
as many other points will be found in the curve. Then
with a fleady hand, draw the curve line through all the
points of interfection E.

Or, take a thread of the length of AB the tranfverfe
axis, and fix its two ends in the foci F, f, by two pins.
Then carry a pen or pencil round by the thread, keep-
ing it always ftretched, and its point will trace out the
curve line,

C 2 RRO
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BROPOSITION VIiIL

4f from any Point 1 in the Axis produced, a Line 181 be
drawn cutting the curve in Two Points; and from
thofe Two Points be drawn the Perpendicular Ordi-
nates DE, GH; and if x be the Middle of pgG, and
+ ¢ the Center or the Middle of aB: Then fhall ck be

to cr as the Reftangle of AD and AG to the Square
of Ar

That is, ¢X : CI :: AD+AG : AI%

Pl
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For, by prop. 1. AD'DB: AG-GB :: DE®. GH%

and by fim. tri. 1p* : 1G* :: DE*:GH®;

theref. by equality, AD.DB: AG+GB :: ID*: 1g™%
But p8 = 2¢K + AG, and GB = 2CK ~+ AD,
theref. AD<2CK —+ AD+AG: AG-2CK -+ AD:AG :: IDWIG’,

and, by div.DG . 2CK  1G*—19% or BG®.21K . AD:2CK+AD.AG ID%

{
or 2CK : 21K i AD2CK + AD-AG : ip*

or AD+ICK : ADs21K ‘; AD+2CK + AD+AG : ID*;

theref.
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theref, by dive CK : IK :: AD+AG : ID*~AD'2IK,
] 2 nesv——
and, by comp. CK : CI¥ AD-AG : ID* — Af+ID - 1A,
or CK i CI:: ADsAG : AI% Q:E«De.

CoroL. When the line 11, by revolving about the
point 1, comes into the pofition of the tangent 11, and
the ordinate LM being drawn, then the points 2 and u
meet in the point L, and the points D, K, G, coincide
with the point M ; and then the property in the propofition
becomes ¢M : c1:: AM®: AT’

C3 P RO



‘92 CONIC SECTIONS.

PROPOSITION VIII.

If a Tangent and Ordinate be drawn from any Point in
the Curve, meeting the Tranfverfe Axis; the Semi-
tranfverfe will be a Mean Proportional between the
Diftances of the faid Two Interfettions from the
Center.

That is, ca is a mean proportion between cp and
CT; or €D, CA, CT are continued proportionals.

w/"\
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~For, by cor. prop. 7, ¢p : cT :: AD*: AT,

. that is, CD:CT :: CA—CD : CT—CA®
or 1t CD*+4-CA”: CA%~-CT?,
and i cD* :  CcA%
and ' e cA* :  cT1%;
therefore CD:CA:: CA : CT. QE.D,

"CoroL. 1. Since cr is ,always a third proportional to
€, cA; if the points b, A, remain conftant, then will
the point T be conftant alfo ; and therefore all the tangents
will meét“in this point T, whzch are drawn from E, of
every

[
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every ellipfc defcribed on the fame axis Ap, where they
are cut by the common ordinate pee drawn from the
point D.

Coror. 2. Hence a tangent is eafily drawn to the
curve, from any point, either in the curve or without it.

Firft, if the civen point B be in the curve. Draw
the ordinate DE of the diameter Ac ; and in tle diameter
produced take cT a third proportional to cp, ca. Then
join TE for the tangent rcquired.

But if the point T be given any where without the
curve. Join cT, in which take cp a third proportional
to ¢T, CA; and draw the ordinate pe. Then join TE as
before,

Cs4 PR O«
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PROPOSITION IX,

If there be any Tangent meeting Four Perpendiculars to
the Axis drawn from thefe four Points, namely the
Center, the two Extremities of the Axis, and the
Poigg of Conta&t; thofe Four Perpendiculars will be
Proportionals.

That s, AG : DE :: ¢H : BI.

Fpt, by prop. 8, Tc: ac:: AC : bc,

theref. 4liv. TA: AD :: TC: AC Or CB,
and by p. TA:TD::TC:TB,
and by fim. tri. AG . DE:: CH: BIL Q.E.D.

Co&x.. Hence T4, TD, TC, TB

are alfo proportionals,
and TG, TE, TH, T1§ prop als

Fm-thefw as AG, DPE, CH, BI, by fimilar triangles.

PR O-
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PRQPOSITION X.

If there be any Tangent, and two Lines drawn from the
Foci to the Point of Contact; thefe two Lines will
make equal Angles with the Tangent.

That is, the L FFt = £ fEe.

For draw the ordinate g, and fe parallel to FE.

By cor. 1. prop. §, CA: CD.: CF: CA — FE,

and by prop. 8, CA:CD::CT:CAj;

therefore Cr:CF :.CA:CA~— FE;

and by add. and fub. TF : Tf .. FE . 2cA — FE or fE byprop. 6.
But by fim. tri. TF:Tf:!FE:fe;

therefore fe = fe, and confeq. L e = £ fEe.
But, becaufe FE is parallel tofe, the L e = L FET;
therefore the L FET = L fEe. Q.E.D.

Corovr. As opticians find that the angle of incidence

is equal to the angle of refle&tion, it appears from our

- propofition, that rays of light iffuing from the one

focus, and meeting the curve in every point, will be re-

flcCted 1nto lines drawn from the other focus. So the

And this is the reafon why
the points F, f are called foc/, or burning points.

ray fe 1s refleted into FE.

PRO-"
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PROPOSITION _XI.

If a Line be drawn from either Focus, Perpendicular to
a Tangent to any Point of the Curve ; the Diftance of
their InterfeCtion from the Center will be equal to the

Semi-tranfverfe Axis.

That is, if ¥p, fp be perpendicular to the Tangent
TPp, then fhall ¢p and cp be each equal to ca or
CB.

For;i'through the point of conta& E draw FE and
fE meeting FP producedin . Then, the £ Gep = £/ FEP,
being each equal to the L fEp, and the angles at p being

Fight, and the fide PE being common, the two triangles
“GEP, FEP are equal in -all refpects, anq fo GE = FE, and
P = ¥p. Therefore, finte FP = L FG, and ¥Fc = LiFf,
and the angle at ¥ common, the fide cp will be
or faB, that is: cP = CA or CB.
i the fame manner cp = cA or cB. Q.E.D.

CoroL.



OF THE ELLIPSE, 22

CoroL. 1. A circle defcribed on the tranfverfe axis,
as a diameter, will pafs through the points p, p; becaufe
all the lines ca, cp, cp, cB, being equal, will be radii
of the circle.

CoroL. 2. ¢P is parallel to fg, and cp parallel to
FE.

CoroL. 3. If atthe interfections of any tangent, with
the circumfcribed circle, perpendiculars to the tangent be
drawn, they will meet the tranfverfe axis in the two foci,
‘That is, the perpendiculars pr, pf give the foci F, f.

PR O~
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PROPOSITION XII

The equal Ordinates, or the Ordinates at equal Diftances
from the Center, on the oppofite Sides and Ends of an
Ellipfe, have their Extremities conneéted by one Right
Line paffing through the Center, and that Line is
bifected by the Center.

That is, if ¢p = ¢G, or the ordinate PE = GH;
then fhall ce = cH, and EcH will be a right line.

T —_— ~
/\ “~Sh
el l AN -

/ ! / \\
PR N - .y | SN
T { » [N | B =

N -~ AN l / ~
-
e S
NS 1}
AN

For, when cp = cg, then alfo is DE = GH by cor. 2. prop.
But the £ p = Lo, being both right angles ;

therefore the third fide CE = cH, and the £ DCE = £ ccr
and confequently EcH is a right line.

Coror. 1. And, converfely, if EcH be a right line
pafling through the center ; then fhall it be bifeted by the
“center, or have CE = cH; alfo pE will be = on, and
€D = cél

CoroL.
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CoroL. 2. Hence alfo, if two tangents be drawn to
the two ends E,*H of any diameter EH they will be pa-
rallel to each other, and will cut the axis at equal angles,
and at equal diftances from the center. For, the two
cp, cA being equal to the two cG, cB, the third pro-
portionals cT, cs will be equal alfo ; then the wo fides
CE, CT being equal to the two cH, Cs, and the included
angle EcT equal to the included angle Hcs, all the other
correfponding parts are equal: and fo the LT = L s,
and TE parallel to Hs.

CoroL. 3. And hence the four tangents, at the four
extremities of any two conjugate diameters, form a pa-
rallelogram circumfcribing the ellipfe, and the pairs of
oppofite fides are each equal to the correfponding parallel
conjugate diameters.

For, if the diameter eh be drawn parallel to the tangent
TE or Hs, it will be the conjugate to En by the de-
finition ; and the tangents to eh will be parallel to each
other, and to the diameter En for the fame reafon.

PR O
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PROPOSITION XIIIL

If two Ordinates Ep, ed be drawn from the Extremities
E, €, of two Conjugate Diameters, and Tangents be
drawn to the fame Extremities, and meeting the
Axis produced in Tand Rr;

Then fhall cp be 2 mean Proportional between cd, dg,

and cd a mean Proportional between cp, DT.

For, by prop. 8, cp:ca :ca:cT,
and by the fame cd:CA :CcA:CR;
theref. by equality cp:cd :er:cT,
But by fim, tri. ‘pr:cd :cT:CR3
theref. by.equality cp:cd :cd:bpT.
In like manner 'cd:cp :c¢p:drR. QE.D.

Corot.
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CoroL. 1. Hence cp:cd ::cr: cT.

CoroL. 2. Hence alfo cp: cd :: de : pE.

And the re&. cp.DE = cd.de, or A ¢DE = A cde.

Coror. 3. Alfo cd* = cp.pT,
and cb® = cd.dRr.

Or cd a mean proportional between cp, pT;
and cD a mean proportional between cd, dr.

PR O~
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.PROPOSITION XIV.

The fame Figure being conftruéted as in the laft Propo-
fition, each Ordinate will divide the Axis, and the
Semi-axis added to the external Part, in the fame

Ratio.

That is, DA : DT :: DC : DB,
andda :dr ::dc: dB.

For, by prop. 8, cp:ca::ca:cT,

and by div, CD:CA :: AD : AT,
and by comp. CD: DB :: AD : DT,

or DA : DT :: DC : DB.

In like manper daA:dr::dc:ds. Q.E.D.

Coror. 1. Hefice, and from cor. 3 to the laft prop.

we have ‘
cd®* = ¢cD.DT = AD+DB = CA* — CD?%
¢p* = cd«drR = Ad.dB = cA® — cd’

i

CoroL.
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Hence alfo cA®* = cp* - cd?,
3

CoroL. 2.
and ca® = DE* 4 de*.

*

Farther, becaufe cA* : ca*:: AD-DB or cd*; DE%
therefore CA :cCa ::cd; DE.
likewife CA :Ca ::¢D:de.

CoroL. 3.

D P RO«
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PROPOSITION XV,

“

If from any Point in the Curve there be drawn .an
Ordinate, and a Perpendicular to the Curve, or to
the Tangent at that Point;

The Diftance on the Tranfverfe, between the Center
and Ordinate, cp:

Will be to the Diftance pp ::
As the Square of the Tranfverfe Axis:
To the Square of the Conjugate.

%
That is, ca*: ca*:: pc: DP.

-

E—

U

—

For, by prop. 2,cA*: ca® :: AD-DB :DE%
~\,‘,
But,gw rt. angled A's, there&. TD.DP = DE?;

and, By cor. I prop. 14, CD+DT = AD:DR;
therefore CcA*:ca*:: TD.DC : TD-DP,
AC”: ca*:: pc i DP.  QE.D:

PRO-
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PROPOSITION XVI.

All the Parallelograms circumfcribed about an Ellipfe
are equal to one another, and each equal to the
Red&tangle of the two Axes.

That is, the Parallelogram PQrs = the rectangle aB.ab.

Let £G, eg be two conjugate diameters parallel to the
fides of the parallelogram, and dividing it into four leffer
"and equal parallelograms.  Alfo draw the ordinates DE, de,
and ck perpendicular to pq.

D2 Then,
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Then, by prop. 8, CT:CA:ICA:CD;
and, by cor. 3 prop. 14, ca: dé I:CA:CD;
theref. by equality, CT:CA::Ca :de.
And by fim. tri. CT 1 CK:: ce :de,
theref, by equality CK:CA::ca:ce

and the re&t.
But the reét.
theref. the re&t.

ck-ce = re&t. casca.
ck+ce = the parallelogram cEqQg ;

cAa.ca = the parallelogram cEqQe;

and, by doubling, the re&. AB.ab = the paral. PqrRs. Q.E.D.

Coror. 1. The rcétangles of every pair of conjugate

dia;égéters, arc to one another reciprocally as the fines of
thef¥included angles. For the areas of their parallelo-
grams, which are all equal among themfelves, are equal
to the rcftangles of the fides, or conjugate diameters,
multiplied by the fines of their contained angles, the radius
bei;lg 1. That is, the reftangle of every two conjugate
'diametgas,l drawn into the fine of their contained angle,
is equill Yo the fame conftant quantity. And therefore the

* re@angle of the diameters is inverfely as the fine of their
contafited, angle.

Coror.



©F THE ELLIRSE. 37

CoroL. 2. As it is proved in this propofition that
every circumfcribing parallelogram of an ellipfe is a
conftant quantity, fo it may hence be fhewn that each of
the fpaces EAgP, EaeQ, GBeR, Gbgs, between the curve
and the tangents, is equal to a conftant quantity. For,
fince every diameter bifeéts the ellipfe, the conjugate
diameters EG, eg divide the ellipfe into four equal fectors
CEAg, CEae, CGBe, cGbg; but the fame conjugate
diameters divide alfo the whole tangential parallelogram
PQRs into four equal parts, or fmall parallelograms cerg,
CEQe, CGRe, c¢Gsg; and therefore the difterences be-
tween thefe fmall parallelograms and the feftors, which
are the faid external fpaces, muft be all equal among
themfelves.

And as the elliple and circumfcribing parallelogram
both remain conftant, the difference of their fourth parts
will alfo be @ conftant quantity. That is, the faid ex-
ternal parts are each equal to the fame conftant quan-
Ly,

D3 PRO-
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PROPOSITION XVII.

The Sum of the Squares of every Pair of Conjugate
Diameters, is equal to the fame conftant Quantity,
namely the Sum of the Squares of the two Axes.

That is, Ar* + ab> = EG* + eg® where EG, eg arc
any conjugate diameters.

For draw the ordinates Ep, ed.
Then, by cor. 2 prop. 14, cA* = cp* + cd?
and .ca® = DE* -+ de?;
therefore the fum CA* -+ ca* = cb* <+ DE®* + cd® - de*.
But, byrt. Led As, CE* = cD* + DE?
and ce* = cd* + de*;

i3
therefore CE® «+ Ce* = CD? <- DE? =~ cd? ~+ de?.

* confequently CcA? 4 ca® = CE” + ce?;
Or, by deubling, AB* + ab* = EG*+ eg®. Q.E.D.

PR O~
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PROPOSITION XVIII.

If there be Two Tangents drawn, the One to the Ex-
tremity of the Tranfverfe, and the other to the Extre-
mity of any other Diameter, each mecting the other’s
Diameter produced ; the two Tangential Triangles fo

formed, will be equal.

‘That is, the triangle cET = the triangle can.

For, draw the ordinate pE. Then

By fim. triangles cp: ca:: cE:cN;
but, by prop. 8, cp:ca::ca:cT;
theref. by equal. ca :cT :: CE: cN.

The two triangles cET, caN have then the angle ¢
common, and the fides about that angle reciprocally pro-
portional ; therefore thofe triangles are equal.

Namely the & cET = A can. Q.E.D.

CoroLr. 1. From each of the equal tri. cET, CAN,
take the common fpace cAPE,
and there remains the external & PAT = A pNE.

\

Coror. 2. Alfo from the equal triangles cET, cAN,
*
take the common triangle CED,
and there remains the A TED = trapez. ANED.

D 4 " PRO-
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PROPOSITION XIX.

The fame being fuppofed as in the laft Propofition ;
then any Lines xQ, GqQ, drawn parallel to the two
Tangents, fhall alfo cut off equal Spaces.

That is, the Triangle kQG = Trapez. ANHG.
and the Triangle kqg = Trapez. Anhg.

Nk

S
&

For draw the ordinate pE. Then
The three fim. triangles cAN, cDE, CGH,

. are to each other as CA?* cD?% CG?;
theref.bydiv.thetrap. ANED : trap. ANHG :: CA* — cD?: €A% — CG™.
But, by prop. 1, DE? : 6Q2 :: CA® — €D?: CAZ — CG%
theref. by equ. trap. ANED : trap. ANHG :: DE* :GQh

1 . tr1 ‘e 2 . 2.
But, by fim. As, tri. TED : tri. kQG :: DE* :6Q;
pref. by equal.  ANED: TED  :: ANHG:KQu.

ut, bycor. 2 prop. 18, the trap. ANED = A TED;
_and therefore the trap. ANHG = A KQG.
*Inlike manner the trap. anHg = 4 Kqg. Q.E.D.

[

CoroL. 1. The three fpaces ANHG, TEHG, KQg areall equal.

CoroL.
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CoroL. £. From the equals ANHG, KQG,
take the equals anhg, kqg,
and there remains ghHG = gqQG.

Coror. 3. And from the equals ghHG, gqQg,
take the common fpace gqLHG,
and there remains the & LQu = & rLgh.

Coror. 4. Again from the equals KQG, TEHG,
take the common fpace KLHG,
and there remains TELK = A LQH.

Coror. §. And when, by the lines kQ, GH, moving
with a parallel motion, kQ_comes into the pofition IR,
where cr is the conjugate to ca; then

the triangle kQG becomes the triangle 1rC,
and the fpace AWHG becomes the triangle ANC ;
and therefore the & IRc = A ANC = & TEC.

{ i 1 /'/—__I T
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. \Coror. 6. Alfo when the lines KQ_and HQ, by moving
with a parallel motion, come into the pofition ce, me,
the triangle LQH becomes the triangle cen, ,
and the fpace TELK becomes the triangle TEC;
and theref, the A ceMm = A TEC = & ANC = 4 IRC,

PR O~
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PROPOSITION XX.

Any Diameter bife&s all its Double Ordinates, or the
Lines drawn Parallel to the Tangent at its Vertex, or

to its Conjugate Diameter.

That is, if Qq be parallel to the Tangent TE, or to ce,
then fhall L = Lq.

For draw Qu, gh perpendicular to the tranfverfe.
Then by cor. 3. prop. 18, 19, the A LQu = 4 1Lqh};
but thefe triangles are alfo equiangular ;

confequently their like fides are equal,

ﬁa therefore LQ = Lq. Q.E.D.

Coror.,
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Any diameter divides the ellipfe into two

CoroL.
equal parts.

For, the ordinates on each fide being equal to each
other, and equal in number ; all the ordinates, or the area,
on one fide of the diameter, is equal to all the ordinates,

or the area, on the other fide of it.
i)

PRoO-
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PROPOSITION XXI.

As the Square of any Diameter :

Is to the Square of its Conjugate : :

So is the Reftangle of any two Abfcifles :
To the Square of their Ordinate.

‘That is ce*: ce*:: EL-LG of CE? — CL*: LQ’

e
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For draw the tangent TE, and produce the ordinate
QL to the tranfverfe at k. Alfo draw Qu, em perpen-
dicular to the tranfverfe, and meeting EG in H and M.

Then fimilar triangles being as the fquares of their like
fidesy fo fhall have,
by fim. triangles, A CET: A CLK :: CE?: CL?;
or, by divifion, A CET : trap. TELK :: CE2: CE* — CLZ
Again, by&m. tri. A cem : A LQH:: ce?: LQl.
But}ﬁ:&; § prop. 19, the A ceM = A cET,
“4nd; by cor. 4 prop. 19, the A LQH = trap. TELK ;
. dlkeref. by equality, CE®: ce*:: cE®*— cL*: LQ),
i CEZ:ce*:: EL'LG : LQ% QE.D.
Coror..
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Coror. 1. The fquares of the ordinates to any
Jiameter, are to one another as the rectangles of their
refpective abfcifles, or as the difference of the fquares of
the femi-diameter and of the diftance between the ordi-

nate and center. For they are all in the fame ratio of
€E? to ce2.

Coror. 2. The above being the fame property as
that belonging to the two axes, all the other properties
before laid down, for the axes, may be underftood of any
two conjugate diameters whatever, ufing only the oblique
ordinates of thefe diameters inftead of the perpendicular
ordinates of the axes; namely, all the properties in pro-
pofitions 7, 8, g, 12, 13, 14, 18 and 19.

PR O-
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PROPOSITION XXII

If any Two Lines, that any where interfett each other,
meet the Curve each in Two Points ; then

The Rectangle of the Segments of the one :

Is to the Rectangle of the Segments of the other::

As the Square of the Diam. Parallel to the former :

To the Square of the Diam. Parallel to the latter.

That is, if cR and cr be Parallel to any two Lines PHQ, PHQ;
then fhall crR2 : cr? :: PH-HQ_: pH-Hq.

For draw the diameter cHE, and the tangent TE and
its parallels Pk, RI, MH, meeting the conjugate of the
diameter cr in the points T, K, I, M. Then, becaufe
fimilar triangles are as the fquares of their like fides, we
have, :

.

by fim. .triangles, CR? : GP*:: A CRI: A GPK,

and CR? : GH2:: A CRI: A GHM;

eref. by divifion, CR? : GP* — GH® :: CRI : KPHM.

in, by fim. tri. CE* : CH2:: A CTE: A CMH;

"by divifion, CE? : CE® — CH?:: A CTE : TEHM.
But,

pein
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But, by cor. 5 prop.19,the &4 cTE = 4 CIR,

and by cor. 1 prop.,19, TEHG = KPHG, Or TEHM = KPHM;
theref. by equ. CE®: CE® =~ CH®:: CR*: GP* — GHZ or PH*HQ,
In like manner CcE2: CE* — cH®:: cr?: pH«Hq.

Theref. byequal cr? : cr* :: PH-HQ_: pH-Hq. Q.E.D.

Coror. 1. In like manner, if any other line p'H'g’,
parallel to cr or to pg, meet PHQ; fince the reftangles
PH’Q, p'H’'q’ are alfo in the fame ratio of cR? to cr*;
theref. the rect. PHQ_: pHq :: PH'Q_: p'H'].

Alfo, if another line p’hQ/ be drawn parallel to pq_
or cR; becaufe the rectangles p’hQy, p'hq” are ftill in the
fame ratio, therefore, in general,

the reCtangle pHQ_: pHq :: PhQ : p'hq’.

That is, the reftangles of the parts of two parallel
lines, are to onec another, as the reétangles of the parts
of two other parallel lines, any where interfe€ting the
former.

Coror. 2.  And when any of the lines only touch the
curve, inftead of cutting it, the rectangles of fuch become
fquares, and the general property ftill attends them.

v
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"™ Thatis, CR*: cr?:: TE?: T¢?,
or CR :Cr :: TE : Te.
and cR :Cr :: tE :te.

Coror. 3. And hence TE : Te : tE : te.
4 OF



OF THE HYPERBOLA.

PROPOSITION 1.

‘The Squares of the Ordinates of the Axis are to each
other as the Re&tangles of their Abfcifles.

Let ave be a plane pafling
through the vertex and axis of
the oppofite cones ; AGIH an-
other fection of them perpen-
dicular to the plane of the for-
mer; AB the axis of the hy-
perbolic feétions; and rg, Hi
ordinates perpendicular to it.
Then N
FG? : HI® .. AF+FB: AH»HB.

For, through the ordinates
FG, HI draw the circular fections KGL, MIN parallel to
the bafe of the cone, having kL, MN for their diameters,
to which FG, HI are ordinates, as well as to the axis of

the hyperbola.

Now, by the fimilar triangles AFL, Atin, and BFK, BHM,
we have AF : AH :: FL : HN,
and FB: HB:: KF: MH;
_ hence;#aking the reGangles of the correfponding terms,
we *havc the re&. AF+FB: AH.HB :: KF+FL : MH-HN.
Q}ﬁ, by the nature of the circle, KF+FL =FG” and MH-HN = HI*;

Therefore the rect. AF-FB: AH<HB :: FG® : HI*.  QE.D.
CoroL.
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Coror. 1. All the parallel fe&tions are fimilar figures,
or have their two axes in the fame proportion ; that is,
AB : ab :: DE : de.

For, by fim. triang. aB_ : ab :: AQ_: aq,

and A :ab ::RrB:r1b;
Thercf. by comp. aB* :ab* :: AQ:RB : aq-rb.

But Aq-rz = pE?, and aq.rb = de*;
Thercfore an®: ab*:: pe®: de?,
or A, ab :: DE : de.

Coror. 2. Hence alfo, as the property is the fame for
the ordinates on both f{ides of the diameter, it foilows, that

1ft. At cqual dittances from the center, or from the
vertices, the ordinates on both fides are equal, or that the
double ordinates are bifected by the axis; and that the
whole figure, made up of all the double ordinates, is alfo
bifected by the axis. - '

2d. The two foci are cqually diftant from the center,

or from either vertex,

Coror. 3. When the angle, which the planc of the
feétion makes with the bafe of the cone, decreafes till it be-
come equal to the angle made by the fide of the cone and
the bafe, or till the fe&ion be parallel to the oppofite fide of
the bafc; then the axis becomes infinitely long, and the
hyperbola degenerates into a parabela ; and becaufe then the
infinites FB and HB are in a ratio of equality, the general

propcrty,
- -'namely AF+FB: AH+.HB :: FG* : HI?,
becomes AF : AH :: FG*: HI?

or, in the parabola, the abfcifles arc tq_each other, as the
fquares of their ordinates. :

E PR O-
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PROPOSITION Il

As the Square of the Tranfverfe Axis:
Is to the Square of the Conjugate
So is the Refangle of the Abfciffes:
To the Square of their Ordinate.

That is, AB? :ab® or AC? :ac® :: AD+DB : DE’

=

i

For, by prop. 1. AC<CB : AD+DE :: Ca®: DE”;
But, if ¢ be the center, then Ac-cB = Ac?,and cais the femi-conj.
Therefore AC? : ADDB :: aC* : DE?*;
or, by permutation, Ac®:ac? :: AD«DB : DE®;
or, by doubling, AB? ; ab® :: AD.DB : DE*. Q.E.D.

Corot. 1. Or, becaufe the retangle Ap-DB = CA? — CD%
the fame property is ca®: ca:: cD* — cA”: DE?
or AB*: ab® :: cD® — ca®: DE%

2
CoroL. 2. Or, by div. aB : ab* :: CD*— CA*: DE?
AB

that is, AB:p :: AD:DB or CD* — CA™:DE*;

where p is ‘the parameter ab® by the definition of it.
AB
4 That
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That is, As thg tranfverfe,
Is to its parameter,
So is the reQangle of the abfcifles,
To the fquare of their ordinate,

CoroL. 3. When the axis AB is infinitely long, the
curve becomes a parabola, and the infinites AB, DB are
then in a ratio of cquality; and then the laft property,

namely AB: p :: AD«DB: DE*;
or AB*DE : AD'DB::p: DE,
becomes DE: AD::p : DE,

or AD : DE :: DE : p.

That is, in the parabola, the parameter is a third pro-
portional to any abfcifs and its ordinate.
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PROPOCSITION 1II.

As the Square of the Conjugate Axis:
T'o the Square of the Tranfverfe Axis ::

So is the Sum of the Squares of the Semi-conjugate,
and Diftance of the Center from any Ordinate of this
Axis:

To the Square of that Ordinate,

That is, ca*: ca®:: ca®* + cd® : dE>

e

e
\\ e
A

| k\\\

For draw the ordinate ED to the trapfverfe AB.
Then, by prop. 1. cA®: ca®:: ¢D*—CA®: DE%
But ep* = de* and pE* = cd?

2

therefore ca®: ca® it dE* —Tca’: cd?
or by alternation,  cA*: dE* — ca”:: ca’: cd?
and by compofition, ca*: de* :: ca® : ca*+ cd’
and byslter. &inverf. ca®: ca®:: ca® + cd* : dE™

In like manner CA®: ca*::CA* =+ cD”:De®  Q.E.D.

CoroL.
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Corot. By the laft prop. ca*: ca®::

and by this prop. ca®: ca® ::

therefore

In like manner

DE*: pe* i
de? v dE* @

cp?
cp?
cp?
cd?

CA?:

: pe?,

53

DE?

2

1 CD* == CA™.

s cd? -~ Ca%

PRO-
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PROPOSITION 1I1V.

The Square of the Diftance of the Focus from the
Center, is equal to the Sum of the Squares of the
Semi-axes.

Or, the Square of the Diftance between the Foci, is
equal to the Sum of the Squares of the two Axes.

That is, CF* = CA® =+ ca?%
or Ff? = AB* 4+ ab®

For, to the focus ¥ draw the ordinate ¥E; which,
by the definition, will be the femi-parameter. Then by

the nature of the curve ca® : ca®>:: CF* — cA” : FE?;

and by the def. of the para. ca® : ca* :: ca® I FE";
therefore ca® = CF* — CcA*;
and by addit. CF? = CA”* =4 Ca*;
or, by doubling, Ff* = AB* + ab Q.E.D.

Ceoror. 1. The two femi-axes, and the focal diftance
from the center, are the fides of a right angled triangle
cAa; and the diftance Aa is = cF the focal diftance.

Fo
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For, as above, cA’ <+ ca® = cF%
L]
and by right angled As, ca® + ca® = aa?
therefore cF = Aa, and Ff = Aa =+ Ba.

Coror. 2. The conjugate femi-axis ca is a mean
proportional between AF, FB, or between Af] fs, the dif-
tances of either focus from the two vertices.

For ca® = CF? — CA? =%CF =+ CA+CF — CA = AF+FB.

CoroL. 3. The fame refangle Ar-Fe of the focal
diftances from cither vertex, is alfo equal to the reétangle
Ac+FE under the femi-tranfverfe and its femi-parameter ;
fince this laft is equal to the fquare of the femi-conjugate
ty the definition of the parameter.

Or AF : FE :: AC FB.

E 4 PR O=
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PROPOSITION V.

The Difference between the Semi-tranfverfe and a Linc
drawn from the Focus to any Point in the Curve, is
equal to a Fourth Proportional to the Scmi-tranfverfe,
the Diftance from the Center to, the Focus, and the

Diftance from the Center to the Ordinate belonging to
that Point of the Curve.

That is, AC — FE = CI, or FE = Al;

and fE — ACc = c1, or fE = BI.

Where ca : cF :: ¢p : c1 the 4th proportional to ca, cF, cD.

AN L
N\ a P
— .
\ A l
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For, by right angled triangles, FE* = Fp* + DE™.

Now draw AG parallel and equal to ca the femi-conjugate ;
and join c¢G mecting the ordinate DE produced in H.

*

Then, by prop. 2, cA* : AG®:: cD* — CA®: DE®;

and, by fim. As, cA® : AG®:: cD* — cA®: DH® — AG?;
conlequently DE* = DH” — AG®* = DH”* — ca’.
Alfo FD = cF v» cp,and FD* = CF* — 2CF+CD -+ CD’;

therefore FE* = CF? — ca® — 2CF+CD -+ CD® + DH?%

But



OF THE HYPERBOLA, 57

But by prop. 4. CF* 4 ca® = cA®

and, by fuppofitidn,  2CF.CcD = 2CA-.CI;

thercf. ¥E* = cA® — 2CA-CI + cD®> + DH%

But, by fuppofition cA*: ¢p*:: cF*or cA” -+ AG™: CI%;

and, by fim. As, ca®:cp®:: cA®+ AG*: cD* <+ DH*;
therefore cr* = cb* -+ DH®> = CH?;
confequently  ¥E* = cA* — 2CA«CI —+ CI™.

And the root or fide of this fyuareis FE = €I — cA = AL

..
In the fame mannér is found fE = ¢1 4 CA = BIL Q.E.D.

Coror. 1. Hence cu = cx1 is a 4th proportional to
CA, CFy CD.

CoroL. 2. And fE + F1 = 2CH or 2CI; or FE, CH,
fr arc in continued aritmctical progreffion, the common
difference being ca the femi-tranfveric.

Coror. 3. Trom the demonftration it appears that
DE? = DH* — AG? = DH® — ca’. Confequently b is
cevery where greater than pE; and fo the afymptote coH
never meets the curve, though they be ever fo far pro-
duced: but pa and pE approach nearer and nearer to a
ratio of cquality as they recede farther from the vertex,
till at an infinite diflance they become equal, and the
afymptote is a tangent to the curve at an infinite diftance
from the vertex.

PR Ow
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PROPOSITION VI

The Difference of two Lines drawn from the Foci, to
meet in any Point of the Curve, is equal to ths

Tranfverfe Axis.

That is, fE — FE = AB.

For, by the laft prop. FE = c1 — ca = ag,

and, by the fame, fE = cr+ ca = BI;

theref. by fubtraction, fE — FE = aB.

CoroL. Hence is derived the common method of de-

fcribing the curve mechanically by points, thus.

In
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In the tranfverfe AB, produced, take the foci F, f, and
any point I. Then with the radii A1, BI, and centers
F, f, defcribe arcs interfeéting in E, which will be a point
in the curve. In like manner, afluming other points 1,
as many other points will be found in the curve.

Then with a fteady hand, draw the curve line through
all the points of interfettion E.

In the fame manner are conftrulted the other two hyper-
bolas, ufing the axis ab inftcad of AB.

PR Q-
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PROPOSITION VII.

If from any Point 1 in the Axis produced, a Line 1Ex be
drawn cutting the curve in Two Points; and from
thofe T'wo Points be drawn the Perpendicular Ordi-
nates DE, GH; and if Kk be the Middle of pg, and
c the Center or the Middle of AB: Then fhall ck be
to c1 as the Reétangle of Ap and AG to the Square
of A1

That is, ck : €I i AD+AG § AI%

[ WY T AR
B

For, by prop. 1. AD-.DB: AG:GB :: DE*: GH?
and by fim. As, 1D* :  IG* :: DE*: GH%;
theref. by equal. AD+DB : AG+GB :: ID* : I1G%
But B = 2cK — AG, and GB = 2CK — AD,
theref. AD+2CK — AD+AG : AG+2CK — AD+AG :: ID*: 16%
and, by div.DG . 2CK : 1G®*—ID? 0r DG .2 IK :: AD,2CK — AD*AG : ID%
or 2CK : 2IK ! AD+2CK — AD*AG : ID%
or AD+2CK : AD+2IK 3! AD*2CK =~ AD+AG : ID*;
theref.
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theref. by dive cK : 1K :: AD-AG : AD-2IK — ID%
and, by div. cKk: CI:: AD*AG : ID* — AD*ID + 1A,

or CK : CI:: AD-AG : AI% Q:E.D.

CororL. When the line 1H, by revolving about the
point 1, comes into the pofition of the tangent 1L, and
the ordinate LM being drawn, then the points g and u
meet in the point L, and the points b, k, G, coincide
with the point M ; and then the property in the propofition

becomes cM : c1:: AM* : AI%

PR O=-
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PROPOSITION VIII.

If 2 Tangent and Ordinate be drawn from any Point in
the Curve, meeting the Tranfverfe Axis; the Semi-
tranfverfe will be a Mean Proportional between the
Diftances of the faid Two Interfetions from the
Center.

That is, ca is a mean proportion between cp and
CT; or CD, CA, CT are continued proportionals.

A4
/

'

e

For, by cor. prop. 7, ¢D : €T :: AD*: AT’

that is, CD:CT :: CD—CA : CA—CT>
or i1 CD*4-CA%: CA®=-CT?
N and : ¢p® : ca?
and v cAa* : cT*;
therefore CD:cA:: cA cT. QE.D.

Coror. 1. Since ct is always a third proportionai to
cp, ca; if the points D, A, remain conftant, then will
the point T be conftant alfo ; and therefore all the tangents
will meet in this point T, which are drawn from E, of

every,
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every hyperbola defcribed on the fame axis ae, where they
are cut by the .common ordinate DEE drawn from the
point D.
X
Coror. 2. Hence a tangent is eafily drawn to the
curve, from any point, either in the curve or without it.

Firft, if the given ‘p‘oint E be in the curve. Draw
the ordinate DE of the diameter AcC ; and in the diameter
produced take cT a third proportional to cp, cA. Then
join TE for the tangent required.

But if the point T be given any where without the
curve. Join cr, in which take cp a third proportional
to CT, CA; "and draw the ordinate pE. Then join TE as
before.

PRO-
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PROPOSITION IX,

If there be any Tangent meeting Four Perpendiculars to
the Axis drawn from thefe four Points, namely the
Center, the two Extremities of the Axis, and the
Point of Contalt ; thofe Four Perpendiculars will be

Proportionals.

Thatis, AG : DE :: CH : BI.

For, by prop. 8, TC: Ac:: AC : B,

theref. by div. TA : AD :: TC: AC or cB,

and by comp. TA:TD:: TC: TB,

and by fim. tri. AG: DE::cCH: BL Q.E.D.

Coror. Hence 1A, TD, TC, TB

are alfo proportionals,
and TG, TE, TH, TI

For thefe are as AG, DE, CH, BI, by fimilar triangles.

PR O~
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PROPOSITION X.

If there be any Tangent, and two Lines drawn from the
Foci to the Point of Contalt; thefe two Lines will
make equal Angles with the Tangent.

That is, the L FET = L fEe.

For draw the ordinate DE, and fe parallel to FE.

By cor. 1. prop. 5, ca:
and by prop. 8, CA:
therefore CT :
and by add. and fub. TF :

cD::
$1CT: CA;
CF ::
Tf ::

cD

CF : CA =+ FE,

CA ! CA -+ FE;
FE : 2CA =+ FE or fE byprop, 6.

But by fim. tri. TF:Tf::FE:fe;

“therefore fe = fe, and confeq. L e = / fEe.
But, becaufe FE is parallel tofe, the L. e = L FET;
therefore the L ¥ErT = [ fEe. Q.E.D,

CoroL. As opticians find that the angle of incidence
is equal to the angle of refletion, it appears from our
propofition, that rays of light iffuing from the one
focus, and meeting the curvein every point, will be re-
fleted into lines drawn from the other focus. So the

ray fe is reflefted into FE.
the points F, f are called foci, or burning.peints.

And this is the reafon why

PROe .
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PROPOSITION XI.

If a Line be drawn from either Focus, Perpendicular to
a Tangent to any Point of the Curve ; the Diftance of
their Interfeion from the Center will be equal to the

Semi-tranfverfc Axis.

That is, if Fp, fp be perpendicular to the Tangent
TPp, then fhall 'cr and cp be each equal to ca or
CB.

For, through the point of conta® £ draw FE and
YE meeting Fp produced in . Then, the L GEP = L FEP,
being each equal to the Z fEp, and the angles at p being
right, and the fide PE being common, the two triangles
GEP, FEP are equal in all refpefts, and fo G = FE, and
Gp = Fp. Therefore, fince FP = L FG, and FC = LFfy
and the angle at F common, the fide cp will be
.= jfc or %AB, that is CP = ca'or CB.

And in the fame manner cp = cA or cB. Q.E.D-

4 - - . CoRoOL.
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CoroL. 1., A circle defcribed on the tranfverfe axis,
as a diameter, will pafs through the points p,p; becaufe
all the lines ca, cp, cp, CB, being equal, will be radii
of the circle,

.

CoroL. 2. cP is parallel to fE, and cp parallel to
FE.

»

Coror. 3. If atthe interfeftions of any tangent, with
the circum{cribed circle, perpendiculars to the tangent be
drawn, they will meet the tranfverfe axis in the two foci,
That is, the perpendiculars pF, pf give the foci F, f.

Fa PR Oa
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PROPOSITION XII

The equal Ordinates, or the Ordinates at equal Diftances
from the Center, on the oppofite Sides and Ends of an
Ellipfe, have their Extremities connedted by one Right
Line paffing through the Center, and that Line is
bifected by the Center.

That is, if cp = cG, or the ordinate DE = GH;3

then fhall cE = cH, and ecH will be a right line.

For, when cp = ¢g, then alfo is DE = ¢H by cor. 2. prop. 1.
But the L p = LG, being both right angles ;

\
therefore the third fide CE = cH, and the /. DCE = £ GcCH,
and confequently EcH is a right line.

Coror. 1., And, converfely, if EcH be a right line
pafling th-ough the center ; then fhall it be bifected by the
center, or have CE = cH; alfo pE will be = 6Hn, and
€p = CG.

CoroL.
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CoroL. 2.+ Hence alfo, if two tangents be drawn to
the two ends E, H of any diameterbEn ; they will be pa-
rallel to each other, and will cut the axis at equal angles,
and at equal diftances from the center. For, the two
cp, ca being equal to the two ca, cB, the third pro
portionals cT, cs will be equal alfo ; then the two fides
CE, cT being equal to the two cH, cs, and the included-
angle EcT equal to the included angle Hcs, all the other
correfponding parts are equal: and fo the L'r Ls,
and TE parallel to ms. :

CororL. 3. And hence the four tangents, at the four
extremities of any two conjugate diameters, form a pa-
rallelogram circumfcribing the ellipfe, and the pairs of
oppofite fides are each equal to the correfpondmg parallel -
conjugate diameters.

For, if the diameter eh be drawn parallel to the tangent
TE or Hs, it will be the conjugate to EH by the de-
finition ; and the tangents to eh will be parallel to each’
other, and to the diameter EH for the fame reafon.

F 3 PROQs
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PROPDOSITION xIIL

If two Ordinates Ep, ed be drawn.from the Extremities
E, ¢, of two Conjugate Diameters, and Tangents be

drawn to the fame Extremitics, and meeting the
Axis produced in T and R;

Then fhall cp be a mean Proportional between cd, dr,
and cd a mean Proportional between cp, DT.

= 1,/
T /
f’ »/J]ff _»
o ]‘/A\ D_ P

For, by prop. 8, cp:¢a::ca:cr,

and by the fame cd:ca::ica:cr;

theref. by equality cp:cd ::cr:cr.
But by fim. tri. DpT:cd::cT:cr}
theref. by equality cp:cd :.cd: pr.

In like manner cd:cp::cp:dr. QE.D.

\Coror. 1. Hence cp:cd :: Cr: cT.

Coror. 2. Hencealfo cp: cd ::

: de : DE.
And the re&t. cp.pE = cd.de, or & cDE = A cde.

Coror. 3. Alfo cd* = cp.pr,
and cp* = cd.dRr.

Or cd a mean proportional between cp, pT;
and ¢p a mean proportional between cd, dx.

PR Qe
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PROPOSITION X1V

The fame Figure being conftruted as in the laft Propo-
fition, each Ordinate will divide the Axis, and the
Semi-axis added to the external Part, in the fame

Ratio.

That is, DA : DT :: DC : DB,
andda :dr::dc:ds.

[ See the laft fig. }

For, by prop. 8, cp:ca::ca:cT,

» and by div. CD:CA:: AD: AT,
and by comp. €D : DB :: AD : DT,
or DA : DT :: DC: DB.
In like manper da:dr::dc:ds. QE.D.

Coror. 1. Hence, and from cor. 3 to the laft prop.
we have

cd® = CD+«DT = ADDB = CD* ~ CA?%
cp? = cd.dr = Ad.dB = cA* — cd?

Coror, 2. Hence alfo cA* = cp* — cd?,
and ca®? = de* — DpE*

Corov, 3, Farther,becaufe ca®: ca®:: Ap.DB or ¢d*: DE%
therefore cA :ca ::¢d: DE.
likewife CA :Ca :iCD:de.

F 4 PR O~
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PROPOSITION XV,

If from any Point in the Curve there be drawn an
Ordinate, and a Perpendicular to the Curve, or to
the Tangent at that Pont;

The Diftance on the Tranfverfe, between the Center
and Ordinate, cp:

Will be to the Diftance pp ::

As the Square of the Tranfverfe Axis:
To the Square of the Conjugate.

That is, cA*: ca®:: bc: DP.

For, by prop. 2, caA*:ca®:: AD:DB: DE?
But, byrt. angled A5, the re, TD-DP = DE?;

and, by cor. 1 prop. 14, CD+DT == AD*DB;
therefore * CA*: ca*:: TD+DC : TD:DP,
or CA":¢a:: DC : DP. QE.Ds

PRO-
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PROPOSITION XVI.

All the Parallelograms infcribed between the four Con-

jugate Hyperbolas are equal to one another, and each
equal to the Reétangle of the two Axes.

That is, the Parallelogram pQRrs = the retangle aB.ab.

Let EG, eg be two conjugate diameters parallel to the
fides of the parallelogram, and dividing it into four lefler
and equal parallelograms. ~ Alfo dr,éw the ordinates BE, de,
and ck perpendicular to PQ.
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Then, by prop. 8, CT.CA.:CA:CD;
and, by cor. 3 prop. 14, ca :de :*ca:cp;
theref. by equality, CT CA . ca :de.
And by fim. tr. CT . CK.. cc . de,
theref. by equality CK:cAa.:ca .ce
and the rect. ck.ce = re&. ca-.ca.

But the re&.  ckece = the parallelogram cEqe ;
theref. the ret. ca.ca = the parallelogram cEQe ;
and, by doubling, the ret. AB.ab = the paral. PQrs. Q.E.D.

Coror. 1. The reQangles of every pair of conjugate
diameters, are to one another reciprocally as the fines of
their included angles. For the areas of their parallelo-
grams, which are all equal among themfelves, are equal
to the reftangles of the fides, or conjugate diameters,
multiplied by the fines of their contained angles, the radius
bemg 1. That 1s, the reélangle of every two conjugate
diameters, drawn into the finc of their contained angle,
is equal to the fame conftant quantity. And therefore the
rectangle of the diameters 1s inverfely as the fine of their
cqntained angle,

PRO-
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PROPOSITION XVII

The Difference of the Squares of every Pair of Con-
jugate Diameters, is equal to the fame conftant
Quantity, namely the Difference of the Squares of the
two Axes.

That is, AB* — ab* = EG"* — eg’, where EG, eg arc
any conjugate diameters.

N

N £

VBN

For draw the ordinates Ep, ed.
Then, by cor. 8 prop. g, ca®= cp* —~ cd’
and ca® = de* - DE*;
theref. the difference cA® — ca® = cp® + DE?* — cd® — de*.
But, byrt. Led &s, CE* = cp* + DE?,
a_nd. ce? = cd* + de?;
therefore CE* — ce? = ¢D* -+ DE* — cd? — de?
confequently CA* — ca? = CE? = ce’;
Or, by doubling, AB* — ab* = r6¢* — eg*  Q.E.D.

PRO-
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PROPOSITION XVIIIL.

If there be Two Tangents drawn, the One to the Ex-
tremity of the Tranfverfe, and the other to the Extre-
mity of any other Diameter, each meeting the other’s

Diameter produced ; the two Tangential Triangles fo
formed. will be equal.

"That is, the triangle ceT = the triangle caN

v W
AN P

i N n

For, draw the ordinate pt. Then

By fim. trangles cp:ca:. CE: CNj
but, by prop. 8, cp:ca‘.ca:cT;
theref, by equal. cA - ¢t .: CE: CN.

The two triangles cET, caN have then the angle «
common, and the fides about that angle reciprocally pro
portional ; therefore thofe triangles are equal.

Namely the & ceT = 4 cam QE.D

6 CororL
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Coror. 1. ‘Take each of the equal tri. cET, cAN,
from the common fpace CAPE, .

-

and there remains the external A PAT = A PNE.

CoroL. 2. Alfo take the equal triangles cET, CAN,’
from the common triangle - CED,
and there remains the & TED = trapez. ANED.

PRO-
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PROPOSITION XIX.

The fame being fuppofed as in the laft Propofition ;
then any Lines kQ, GQ, drawn parallel to the two
Tangents, fhall alfo cut off equal Spaces.

That is, the Triangle kQG == Trapez. ANHG.
and the Triangle kqg = Trapez. Anhg.

c T KAg T

For draw the ordinate pg. Then
The three fim. tniangles cAN, (DE, CGH,
are to each other as LAY D% (G?%;

theref.by div.thetiap. ANED : trap. ANHG it CD? — CA%: CG = CA%
But, by prop. 1, DE? ; GQ® i CcD® — CA%: CG* — CA%

theref. by equ. trap. ANED : trap. ANHG :: DE* :6Ql
But, by fim. 4s, tri. TED : tri. kQe :: DE* :6Q};
theref. by equal. ANED: TED  :: ANHG:KQG.
But, by cor. 2 prop. 18, the trap. ANED = A TED;

and therefore the trap. ANHG = A KQG.
Inlike manner the trap. ANhg = 4 Kqg. QE.D.

Coror. 1. The threefpaces ANHG, TEHG, KQG areall equal.

Corot.
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Coror. 2. From the equals AvHG, KQD,
. *take the equals awnhg, kqg,
and there remains ghHG = gqQgG.

CoroL. 3. And from the equals ghue, gqqg,
take the common fpace gqLHG,
and there remains the ALQH = ALgh.

o

CoroL. 4. Again from the equals KQG, TEHG,
take the common fpace KLHG,
and there remains TELK = ALQH.

1, © T \A

Coror. 5. And when, by the lines KQ, GH, moving
with a parallel motion, kxQ_comes into the pofition IR,
where cr is the conjugate to caA; then

the triangle kQG becomes the triangle 1rc,
and the fpace ANHG becomes the triangle Anc ;

and therefore the AIRC = AANC = ATEC.

CoroL. 6. Alfo when the lines kQ_and HQ,, by moving
with a parallel motion, come into the pofition ce, Me,

the triangle 1LQu becomes the triangle cem,

and the fpace TELK becomes the triangle TEC;

and theref. the AceM = ATEC = L ANC = AIRG

PR O~



o CONIC SECTIONS.

PROPOSITION XX.

Any Diameter bife&ts all its Double Ordinates, or the
Lines drawn Parallel to the Tangent at its Vertex, or

to its Conjugate Diameter.

That is, if Qg be parallel to the Tangent TE, or to ce,
then fhall Lo = Lq.

For draw Qu, qh perpendicular to the tranfverfe.
fThen by cor, 3 prop. 19, the & LQH = A Lgh;
‘l’mt thefe triangles are alfo equiangular ;

confequently their like fides are equal, .
and therefore 1Q = Lq. Q.E.D.

CoroL.
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CoroL. 1.~ Any diameter divides the ellipfe into two
equal parts. -

For, the ordinates on each fide being equal to each
other, and equal in number ; all the ordinates, or the area,
on one fide of the diameter, is equal to all the ordinates,
or the area, on the other fide of it.

Coror. 2. In like manner, if the ordinate be pro-
duced to the conjugate hyperbolas at Q/, g, it may be
proved that LQ/ = Lq. Or if the tangent TE be pro-
duced, then Ev = Ew. And the diameter GCEH bifells
all lines drawn parallel to TE or Qg, and limited either
by one hyperbola, er by its two conjugate hyperbalas.

G PRQ~
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PROPOSITION XXI.

As the Square of any Diameter :

Is to the Square of its Conjugate ::

So is the Rectangle of any two Abfciffes :
To the Square of their Ordinate.

That is cE*: ce® :: EL+LG or CL? — CE®: LQ'

For draw the tangent TE, and produce the ordinate
QL to the tranfverfe at k. Alfo draw QH, eM perpen-~
dicular to the tranfverfe, and meeting EG in H and M.

Then fimilar triangles being as the fquares of their like
fides, we fhall have,

by fim. triangles, ACET : ACLK :: CE?: CL?;
or, by divifion, ACET : trap, TELK :: CE2: CL® = CE%
Again, by fim. tri. Acem : /iLQH :: ce?: Ll
But, by cer. 5 prop. 19, the Acem = ACET,
and, by cor. 4 prop. 19, the ALQu = trap., TELK;
{ theref. by equality, cE®: ce®::cL® — CE*: LQ},
‘ot CE? g ce®:: EL-LG : LQ? QE.D.

DAbAr
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Coror. 1, The fquares of the ordinates to any
diameter, are’ to one another as the reftangles of their
refpe@ive abfcifles, or as the difference of the fquares of
the femi-diameter and of the diftance between the ordi-
nate and center. For they are all in the fame ratip of
CE? to ce2,

Coror. 2. The above being the fame property as
that belonging to the two axes, all the other properties
before laid down, for the axes, may be underftood of any
two conjugate diameters whatever, ufing only the oblique
ordinates of thefe diameters inftead of the perpendicular
ordinates of the axes; namely, all the properties in pro-~
pofitions 7, 8, 9, 12, 13, 14, 18 and 19.

Coror. 3. Likewife, when the ordinates are con-
tinued to the conjugate hyperbolas at @/, q’, the fame pro-
perties ftill obtain, fubftituting only the fum for the dif-
ference of the fquares of ceand cL, ,

That is, ce* : ce* :! cL* + cE*: cQ/%
And fo LQ*:LQ?::cL® — CE*:cCL® =+ CE%

CoroL. 4. When, by the motion of rq_parallel to
itfelf, that line coincides with Ev, the laft corollary be-

comes CE*: Ce® :: 2CE®: EV?, -
or ce*: EV*ii 1 : 2,
or ce 1EV i 1 : 42

or as the fide of a fquare to its diagonal.

“ ‘That is, in all conjugate hyperbolas; and all their
diameters, any diameter is to its parallel tangent, in the

conftant ratio of the fide of 2 fquare to its diagonal,

Gsa PRO-
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PROPOSITION XXII.

If any Two Lines, that any where interfect eath other,
meet the Curve each in Two Points ; then

The Rectangle of the Segments of the one:

Is to the ReQangle of the Segments of the other::

As the Square of the Diam. Parallel to the former :

To the Square of the Diam. Parallel to the latter.

That is, if crR and cr be Parallel to any two Lines PHQ, pHq 3
then fhall ckz: cr? :: PH-HQ_: pH+Hq.

¥ For draw the diameter cHE, and the tangent TE and
its parallels PK, RI, MH, meeting the conjugate of the
diameter cr in the points T, K, 1, M, Then, becaufe
fimilar triangles are as the fquares of their like fides, we

B’y fim. triangles, CRZ : GP*:: ACRI: AGPk,

and CR? : GH?:: ACRI: AGHM;
theref, by divifion, cR? . GP* — GH:: CRI: KPHM.
Again, by fim. tri. CE* : CHZ :: ACTE: ACMH

and by divifion, CE?* : CH? — CE*:: ACTE : TEHM,
Bt But,
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"~

But, by cor. 5 prop. 19, the AcTE = AcIR,
and by cor. 1 prop. 19, TEHG = KPHG, Or TEHM == KPHM}
theref. by equ. CE*: CH? = CE®:: CR*: GP? — GH? Oof PH'HQ,
In like manner CE?: CH* — CE*:: Cr?: pHeHq.
Theref. byequal cr? : ¢r* :: PH+HQ_: pH+HQq. Q.E.D,

Corov. 1. In like manner, if any other line p’H'g’,
parallel to cr or to pq, meet PHQ; fince the retangles
PH’Q, p'H'q are alfo in the fame ratio of cr? to cr*;
theref. the re€. pHQ_: pHq :: PH'Q_: P'H'].

Alfo, if another line p’hQ/ be drawn parallel to pq_
or ¢R; becaufe the retangles p'hQ), p’hq’ are fill in the
fame ratio, therefore, in general,

the reGtangle PHQ_: pHq :: P'hql: p’hq’.
That is, the reftangles of the parts of two parallel
lines, are to one another, as the rectangles of the parts

of two other parallel lines, any where interfeting the
former.

CoroL. 2. And when any of the lines only touch the
curve, inftead of cutting it, the rectangles of fuch become
iquares, and the general property fhill attends them.

That is, crR*: cr2 :: TE?: T€?
or CR :Cr ::TE :Te.
and ¢cR :cr :: te :te.

CoroL. 3. And hence TE : Te :; tE & te.
G3 PR O~
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PROPOSI'TION XXIII,

If a Line be drawn through any Point of the Curves,
Parallel to either of the Axes, and terminated at the
Afymptotes ; the Reflangle of its Segments, meafured
from that Point, will be equal to the Square of the

Semi-axis to which it is parallel,

That is, the Rect. HEK or Hek = ca?%
and the Reét. hek or hek = ca’

For draw AL parallel to ca, and ar to ca. Then

by the parallcls, ca®: ca®or aL®:: CD*: DH®;

and, by prop. 2, ca®:ca®:: cp* — ca®: DE*;

theref. by fubtr. ca®:ca*:: cA®: DH* — DE® Or HEK.,

But the antecedents cA? ca® are equal,
theref. the confequents ca’y HEk muft alfo be equal.

4 In
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In like manner we have, again

by the paralfels, CA*: ca® or AL*:: CD*: DH?;

and, by prop. 3, €A®: ca®:: CD* - CA*: De*;

theref. by fubtr. CA®:ca*:: cA®: pe* — DH® or Hek.
But the antecedents cA” ca® are the fame,
theref. the confequents ca® Hek muft be equal.
Inlike manner, by changing theaxes,is hEk or hek = ca® q.E.D.

CoroL. 1. Becaufe the re&. HEK = the re&. Hek.

therefore EH : eH :: €K : EK.

And confequently HE is always greater than He,

Coror. 2. The reftangle hex = the reét. nek,
For, by fim. tri. £h: Ex :: Ek : EK.

SCHOLIUM,

It is evident that this propofition is general for any
line oblique to the axis alfo, namely, that the re&angle of
the fegments of any line, cut by the curve, and termi-
nated by the afymptotes, is equal to the fquare of the
femi-diameter to which ' the line is parallel. Since the
demonttration is drawn from properties that are common
to all diameters.

PROe
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PROPOSITION XXIV.

All the Rectangles are equal which are made of the
Segments of any Parallel Lines cut by the Curve, and
limited by the Afymptotes.

That is, the Re&. HEK = Re&. Hek.
and the Re&. hek = hek,

For each of the reftangles HEkK or Hek is equal to
the fquare of the parallel femi-diameter cs; and each of
the reftangles hek or hek is equal to the fquare of the
parallel femi-diameter c1. And therefore the reftangles of
the fegments of all parallel lines are equal to one another.

Q.E.D.
Coror.
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Coror. 1. The reftangle HEx being conftantly the
fame, whether the point E is taken on the one fide or the
other of the point of contaét 1 of the tangent parallel to
HK, it follows that the parts HE, KE, of any line HK,
are equal.

And becaufe the reftangle Hek is conftant, whether the
point e is taken in the one or the other of the oppofite hy-
perbolas, it follows that the parts He, ke are alfo equal.

Coror. 2. And when HK comes into the pofition of
the tangent piL, the laft corollary becomes 1. = 1p, and
IM = IN, and LM = DN,

Hence alfo the diameter cir bifells all the parallels to
pL which are terminated by the afymptote, namely
RH = RK. )

Coror. 3. From the propofition, and the laft corollary,
it follows that the conftant reCtangle HEK or EHE is = 1L%,
Andthe equal conftant reét. Hek oreHe = MLNor IM* — IL%,

CoroL. 4. And hence 1L = the parallel femi-diameter cs.

For the re&. EHE = 1L%,
and the equal rect. eme = IM* — I1L?

theref. 1L* = IM* — 1L% or 1M* = 2I1.%;
but, by cor. 4 prop. 21, IM* = 2Cs%
and therefore IL = CS.

And fo the afymptotes pifles through the oppofite angles
of all the infcribed parallelograms.

PRO.
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PROPOSITION XXV.

The Reétangle of any two Lines drawn from any Point
in the Curve, Parallel to two given Lines, and
Limited by the Afymptotes, is a Conftant Quantity.

That is, if AP, EG, DI be Parallels,
as alfo AQ, EK, DM  Parallels,
then fhall the re&. paQ_ = re&. Gek = re& IDM.

For, produce KE, MD to the other afymptote at 1, L.
‘Then, by the parallels, HL : GE :: LD : 1D

but, EK: EK ! DM ! DM;
theref. the reftangle HEK : GEK :: LDM : IDM.

But, by the laft prop. the reft. HEK = LDM;

and therefore the rect. GEX = IDM = PAQ.  QE.D

P RO~
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PROPOSITSON XXVL

All the Parallelograms are equal which are formed be-
tween the Afymptotes and Curve, by Lines Parallel to
the Afymptotes.

That is, the paral, cGEK = CPAQ.

For, by prop. 25, the re&t, GEK or coE = re&t. PAQ or cPA.
But the parallelograms cGEK, cpaQ_being equiangular,
are as the reCtangles cGE, cra.
- And therefore the parallelogram 6k = rq.
That is, all the infcribed parallelograms are equal to one
another. QE.p.

Coror.,
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Corov. 1. Becaufe the refangle GEK orcGe is
conftant, therefore Ge is reciprocally as cg, or
cG:cP:: PA: GE. And hence the afymptote conti-
nually approaches toward curve, but never meets it:
for GE decreafes colitinua y‘as cc increafes ; and it is
always of fome magnitud:; except when ¢ is fuppofed to
be infinitely great, for then GE is infinitely fmall, or no-
thing. So that the afymptote cG may be confidered as
a tangent to the curve at a point infinitely diftant

from c.
\“/"\ L.
—
C D X [

Corotr. 2. If the abfcifles cp, cE, ¢G, &c, taken on
the one afymptote, be in geometrical progrefion in-
creafing ; then fhall the ordinates pH, EI, GK, &c, pa-
rallel to the other afymptote, be a decreafing geometri-
cal progreffion, having the fame ratio. For, all the
re&tangles cbH, CEIl, CGK, &c, being equal, the ordi-
nates DH, EI, GK, &c, are reciprocally as the ab-
fciffes cp, cF, cG, &c, which are geometricals. And
the reciprocals of geometricals are alfo geometricals, and
in the fame ratio.

Coror. 3. But if the abfciffes cp, cE, cc, &c, be
arithmeticals, or in arithmetical progreffion, then fhall
the ordinates pu, E1, 6k, &c, be harmonicals, or in
harmonical progrefion. For the reciprocals of arith-
meticals, are harmonicals.

PR O=
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PROPOSITION XXVII.
~ A

Every Infcribed Triangle, formed by Any Tangent and the
two Intercepted Parts of the Afymptotes, is equal to

a Conftant Quantity; namely Double the Infcribed
Parallelogram.

That is, the triangle cTs = 2 paral. 6k.

For, fince the tangent Ts is bifected by the point of
conta&t E, and EK is parallel to Tc, and GE to ck 3
therefore ck, ks, GE are all equal, as are alfo cG, GT, KE.
Confequently the triangle GTE = the triangle KEs, and
each equal to half the conftant infcribed parallelogram
GK. And therefore the whole triangle cts, which is

" compofed of the two fmaller triangles and the parallelo-
gram, is equal ‘to double the conftant infcribed parallelo-
gram GK. Q.E.D.

PRO»



94 CONIC SECTIONS,

PROPOSITION XXVIII.

The three following Spaces, between the Afymptotes
and the Curve, are equal; namely, the Sedtor or
Trilinear Space contaned by an Arc of the Curve
and two Radii, or Lines drawn from its Extremities
to the Center, and each of the two Quadrilaterals,
contained by the faid Arc, and two Lines drawn
from its Extremities parallel to one Afymptote, and
the intercepted Part of the other Afymptote.

That is, the fellor CAE = PAEG = QAEK,
all ftanding upon the fame arc AE.

For, by prop. 26, cPAQ = CGEK }

fubtract the common fpace CGIQ,

fo fhall the paral. Pr = the par. 1K

to each add the trilineal 1AE,

then is the quadr. PAEG = QAEK.

Again, from the quadrilateral cazx

take the equal triangles cAQ, CEK,

and there remains the fe€tor CAE = QAEK.

Therefore CAR = QAEK = PAKG. Q.E.D.
' PRO-
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PROPOSITION XXIX.

If from the Point of Conta& of any Tangent, and the
two Interfetions of the Curve with a Line parallel
to the Tangent, three parallel Lines be drawn in any
Direttion, and terminated by cither Afymptote ; thofe
three Lines fhall be in continued Proportion.

That is, if vkM and the tangent 1L be paralle],
then are the parallels bH, EI, GK in continued proportion,

For, by’ the parallels, E1 : 1L :: pH:HM;

and, by the fame, EI {IL ::GK:KM;
theref, by compof. EI*:IL*:: DH+GK : HMK }
but, by prop. 24, the re®. HMxk = 11}

and theref. the re®. bpH.GK = 217,

or DH: BI::El:GK. QE.D.
PRE~
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PROPOSITION XXX.

Draw the femi-diameters ¢, cIn, cK ;
Then fhall the fe@or cHI = the fe&or CIk.

¢ D .6 M

For, becaufe nx and all its parallels are bifeGed
by cin, therefore the triangle cNH = tri. CNK,
and the fegment INH = feg. INK ;

confequently the feftor ciH = fec. CIK.

CoroLr. 2. If the geometricals DH, EI, Gk be parallel
to the other afymptote, the fpaces DHIE, EIKG will be
equal ; for they are equal to the equal fe€ors cHi,

CIK.

So that by taking any geometricals cp, CE, cG, &c,
and drawing pH, E1, GK, &c, parallel to the other afymp-

tote, as alfo the radii cH, cI, CK.

then
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then the feCtors cHI, cIk, &c,

or the f'paces DHIE, EIKG, &c,
will be all equal among themfelves.
Or the feltors CHI, CHK, &g,
or the fpaces DHIE, DHKG, &c,
will be in arithmetical progrefiion.

And therefore thefe feGors, or fpaces, will be analogous
to the logarithms of the lines or bafes cp, cE, cG, &c;
namely CcHI or DHIE the log. of the ratio of

CD to CE, or of CE to cG, &c ; or of £1to DH, or of GK to E1, &c;
and CHK or DHKG the “log. of the ratio of

cD to ¢G, &c, or of GK to bH, &c.



OF THE PARABOLA.

PROPOSITION I.

The Abfciffes are Proportional to the Squares of their
Ordinates,

Let Avmbea feGtion through
the axis of the cone, and AGIH
a parabolic feGtion by a plane X
perpendicular to the former,
and parallel to the fide vN of /
the cone ; alfo let AFH be the /“ SO A
common interfe@tion of the ~7 > y /¢ O
two plancs, or the axis of the '
parabola, and FG, Hr ordi-
nates perpendicular to it.

N

Then I fay that AF : AH :: FG* : HI%

For, through the ordinates FG, H1 draw the circular
fections KGL, MIN parallel to the bafe of the cone, having
KL, MN for their diameters, to which FG, HI are ordi-
nates, as well as to the axis of the parabola.

Thenby fimilar triangles AF: AH :: FL : HN;

but, becaufe of the parallels, KF = MH;

therefore AF i AH ! KF+FL : MH+HN.

But, by the circle, KF-FL = FG? and MH-HN = HI*;

Therefore AF : AH :: FG* : HI'. Q.E.D.

Coror.
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% L]
CorolL. 1. Hence the third proportional & or ¥
* AE AH

is a conftant quantity, and is equal to the parameter of
the axis by cor. 5 prop. 1 of the ellipfe.

Or AE: EG :: EG : P the parameter.
Or the re@angle p-AE = EG*

CoroL. 2. Hence alfo as the property is the fame for
the ordinates on both fides of the diameter, it follows
that the ordinates pH, HI, on both fides of the axis are
equal, or that the double ordinates are bifected by the
axis ; and that the whole figure, made up of all the double
ordinates, is alfo bifeCted by the axie.

H2 PRO-
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PROPOSITION II

As the Parameter of the Axis:

Is to the Sum of any Two Ordinates::
So is the Difference of thofe Ordinates :
To the Difference of their Abfciffes :

Thatis, P: GH + DE :: GH — DE : DG,
Or, P: KI:: IH ! EL

For, by cor. 1 prop. 1, P+AG = GH?
and P+AD = DE?;
theref. by fubtrac. P-DG = GH® = DE?.

But GH® — DE? = GH ~ DE+GH — DE = KI«IH,
theref. the re&tangle P.pG = KI.IH,
or P:KI::IH:DGoOrElL. QBED.

Coror. Hence becaufe p.E1 = K1I.1H,
and, by cor. 1 prop. 1, P-AG = GH?,
therefore AG: EI:: GH" : KI«IH.

And fo any diameter E1is as the re@tangle of the feg-
ments K1, 1H of ‘the double ordinate K+ >

PRO-
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PROPOSITION III.

The Diftance from the Vertex to the Focus is equal to
} of the Parameter, or to Half the Ordinate at_the

Focus.

That is, AF = FE = }p.

/T\

’"“"“*— ]

For, the general property is AF: FE:: FE: P.
But, by the definition, FE = {p;

therefore alfe AF = $FE = {p. QE.D,

H3 PR O»
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PROPOSITION 1V.

A Line drawn from the Focus to any Point in the
Curve, is equal to the Sum of the Focal Diftance
and the Abfcifs of the Ordinate to that Point.

That is, FE = FA -+ AD = GD, taking AG = AF.

G

Forfince FD = AD v AF,
AF® — 2AF+AD + AD?,

Il

theref. by fquaring,  Fp*
But, by cor. 1 prop. 1,DE?
theref. by addition, ¥p*

P«AD = 4AF+AD;

DE® = AF* =~ 2AF+AD =~ AD?

b4

But, by rt. angled As, FD* DE* = FE%;
y DY g

therefore FE* = AF®> =+ 2AF-AD 4 AD? .

and the root or fide is FE = AF - AD,
or  FE = GD, by taking AG = AF.  QE.D.

CoroL.
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CoroL. 1. *» The difference FE — FE is always equal
to pp the difference of the abfciffes.

CoroL. 2. Hence alfo the curve is eafily defcribed

by points. Namely, in the axis produced take AG = AF
the focal diftance, and draw a number of lines EE per-
pendicular to the akis ap; then with the diftances
GD, GD, GD, &c, as radii, and the centre ¥, draw arcs
croffing the pari'tllcl ordinates in E, E, E, &c. Then
draw the curve through all the points E, E, E.

Hg4 PR O-
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_ PROPOSITION V.

If a Line be drawn from any Point in the Axis produced,
to cut the Curve in two Points; then fhall the ex-
ternal Part of the Axis be a Mean Proportional between
the two Abfcifles of the Ordinates to the two Points

of Interfeétion.

That is, a1 a mean proportional between AD, AG,

ory, AD: Al:: Al: AG.

For, by prop. 1, AD : AG :: DE*: GH?;
and, by fim. tri. 1p®:1G6%:: DE*: GH*;*
theref. by equal. Ap : AG :: 1D*: 16%;

and, by divifion, AD : DG :: 1D*: 16* — ID®Or DGID + IG

or AD : ID:: ID :1ID + IG};
and by divifion = Ap : A1:: ID :1G¥,
and again by div. AD : A1:: A1: AG. Q.E.D.

CoroL, 1.. * Hence we have AD : AI:: DE: GH.

Corov.
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Corovr. 2. If the line be fuppofed to revolve about
the point 1; then as it recedes farther from the axis, the
points B and 1 approach towards each other, the point &
defcending, and the point u afcending, till at laft they
meet in the point c when the line becomes a tangent to
the curve at c. And then the points b and G meet in
the point M, and the ordinates DE, GH in the ordinate cM.
Confequently AD, AG, becoming each equal to am, their

ean proportional a1 will be equal to the abfcifs aAm.

at is, the external part of the axis, cut off by a tangent,
is e§ual to the abfcifs of the ordinate to the point of con-
tad, *

Coror. 3. Hence the tangents to all parabolas, which
have the fame abfcifles, meet the axis produced in the fame
point. For if the abfcifs aAm be the fame in all, the ex-
ternal axis A1, which is equal to it, will be the fame alfo.

CoroL. 4. And hence alfo a tangent is eafily drawn
to the curve.

For if the point of conta& ¢ be given; draw the ordi-
nate cM, and produce MaA till a1 be = am; then join
Ic the tangent,

Or if the point 1 be given ; take AM = AI, and draw
the ordinate mc, which will give the point of. contaét c,
to which draw 1c the tangent.

PR O«
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PROPOSITION VI.

If a Tangent to the Curve meet the Axis produced;
then the Line drawn from the Focus to the Point of
Contaé&, will be equal to the Diftance of the Focus
from the InterfeGtion of the Tangent and Axis.

That is, FC = FT.

For draw the ordinate nc to the point of conta&t.
Then, by cor. 1 prop. §, AT = AD;

therefore FT = AF -+ AD.
But, by prop. 4, FC = AF + AD3;
therefore by equality, FC = FT. Q.E.D.

Corot. 1. If cG be drawn perpendicular to the curve,
or to the tangent, at c; then fhall F6 = Fc = FrT.
For draw ¥H perpendicular to Tc, which will alfo
bifeét Tc, becaufe FT = Fc; and therefore, by the na-
ture of the parallels, Fu alfo bife@®s T in . And con-
fequently FG = FT = Fc.
So that F is the center of a circle paffing through T, ¢, G.
4 : CoroL.
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Coror. 2. The fubnormal pg is every where equal to
the conftant quantity 2Fa, or FT, or £ P the femi-para-
meter.

For draw the tangent AH parallel to pc, making the
triangle ¥HA fimilar to Gep.

Then nc = 2AH, becaufe DT = 3pa:
confequently DG = 2FA = {P.

Coror. 3. The tangent at the vertex AH, is a mean
proportional between AF and AD.

For becaufe FHT is a right angle,

therefore  AH is a mean between arF, AT,

or between AF, AD,

becaufe AD = AT,

Likewife ~ Fu is a mean between Fa, Fr,
or between Fa, Fc.

Coror. 4. The tangent Tc makes equal angles with
Fcand the axis FT, or with the line 1ck drawn parallel to
the axis.

For becaufe rr = Fc,

therefore the /. FcT = £ FTc = its altern. L 1cT
Alfo the angle gcrF = the angle Gk,

Coror. 5. And becaufe the angle of incidence cck
is = the angle of refledtion GcF; therefore a ray of
light falling upon the curve in the direGtion kc, will be
refleCted to the focus ¥. That is, all rays parallel to the
axis, are refleCted to the focus, or burning point.

PR O~
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PROPOSITION Vils

If an Ordinate be drawn to the Point of Conta& of any
Tangent, and another Ordinate produced to cut the
Tangent; It will be as the Difference of the Ordinates :

Is to the Difference added to the external Part ::

So is Double the firft Ordinate :

Ts: the Sum of the Ordinates.

Thatis, KH : KI :: KL : KG.

For, by cor. 1 prop. 1, P: DC:: DC: DA,
and P :2DC :: DC: DT Or 2DA.
But, by fim. triangles, k1 : Kc :: DC: DT}
therefore by equality, P : 2pc :: KI : KG,
or, P: KI :: KL :KC.
Again, by prop. 2, P: KH :: KG: KC;
therefore by equality, KM : KI :: KL: KG. QE.D.
Coror. 1. Hence, by compofition and divifion,
we have KH : KI :: GK ! GI,
and HI : HK :: HK ! KL,
alfo IH : IK :: IK : 1G; that is,
IK is a mean proportional between 16 and 1H.
Coror. 2. And from this laft property we can eafily
draw a tangent to the curve from any given point I.
Namely, draw 1HG perpendicular to the axis, and take 1x
a mean proportional hetween 1H, 1G6; then draw Kc
parallel to the axis, and ¢ will be the point of contact,
through which and the given point 1 the tangent 1c is to

be drawn. .
PRO=
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PROPOSITION VIIIL

If there be any Tangent, and a Double Ordinate drawn
from the Point of Conta&, and alfo any Line parallel to
the Axis, limited by the Tangent and Double Ordi-

nate :

then fhall the Curve divide that Line in the

fame Ratio, as the Line divides the Double Ordinate.

That is, IE : EK :: CK : KL.

For, by fim. triangles, ck : K1 :

:CD:DTOr2DAj;
but, by the def. the param. p: cL:: cp: 2DA;
therefore by equality, P:CK: CL:KI

But, by prop. 2, P:CK:. KL:KE;
therefore by equality, CL: KL::KI : KE;

and, by divifion,

CK:KL:: IE:EBK. QE.Ds

PRO-
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PROPOSITION IX.

The fame being fuppofed as in Prop. viir: then fhall the
External Part of the Line between the Curve and Tan-
gent, be proportional to the Square of the intercepted
Part of the Tangent, or to the Square of the inter-
cepted Part of the Double Ordinate.

That is, IE is as c1* or as CK®.
and 18, TA, ON, PL, &c,
are as c1* ct? co* cp? &c,
or as ck? cp?% cm? cL? &c.

[
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For, by prop. 8, 1E: EK ::cK: KL,
or, by equality, 1IE:EK :: CK®: CcK.KL.
But, by cor. prop. 2, Bk is as the re&. ck.KL,
and therefore IE is as cK? or as C1% Q.E.D.

Coror,
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CoroL. 1. As this property is common to every po-
fitior &f the tangent, if the lines 1E, T4, oN, &c, be a2p-
penied to the points 1, T, o, &, and movable about
them, and of fuch lengths as that their extremities
E, A, N, &c, be in the curve of a parabola in fome one
pofition of the tangent; then making the tangent re-
volve about the point c, the extremities E, A, N, &c,
will always form the curve of fome parabola, in every
pofition of the tangent.

CoroL. 2. The parameter of the axis is alfo a third
proportional to IE and ck.

For, by this prop. EK :KL:: IE:CK;

and, by prop. 2, EK:KL:ICK:P;

therefore by equality, 1E:cCK ::cK:P.

PR G~
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PRoOoPOSITION X.:.

The Abfcifles of any Diameter, are as the Squares of
their Ordinates. ‘
That is, cq, cr, cs, &c,
are as QE% RA? sNZ, &c.
Or cq:cr:: Qe*: RA% &c.

For, draw the tangent cT, and the externals E1, AT,
No, &c, paralle]l to the axis, or to the diameter cs.
Then, becaufe the ordinates QE, RA, sN, &c, are pa-
rallel to the tangent cT, by the definition of them, there-
fore all the figures 1Q, TR, 0s, &c are parallelograms,
whofe oppofite fides are cqual,
namely 1E, TA, ON, &c,
are equal to cQ, CR, cs, &c.
Therefore by prop. 9, cQ, CRr, cs, &c,
are as c1% ct? co? &c,
or as their equals QE? RA% sN? &c. Q.E.D:
Coror. Here, like as in prop. 2, the difference of the
abfciffes; are as the difference of the fquares of their
ordinates, or as the retangles under the fum and dif-
ference of the ordinates, the rectangle under the fum and
difference of the ordinates being equal to the reétangle
under the difference of the.abfciffes and the parameter of
that diameter, or a third proportional to any abfcifs and
its ordinate.

PR O~
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PROPOSITION XI.

If a Linc be drawn parallel to any Tangent, and cut the
Curve in two proints; then if two Ordinates be drawn
to the Interfections, and a tiird to the Point of Con-
taét, thefe three Ordinates will be in Arithinctical Pro-
greflion, or the Sum of the Extremes will be equal to
Double the Mean.

‘That is EG <= HI = 2c¢D.

For draw Ek parallel to the axis, and produce HI to L.
Then, by fim. triangles, EK : HK :: TD or 24D : CD;
but, by prop. 2, EK : HK :: KL : P the param.
thercf. by equality, 2AD : KL :: CD : P.
But, by the defin. 2AD :2cD::CD:P;
theref. the 2d terms are equal, KL = 2cD,
that is EG —+ HI = 2CD., QE.D,

1 PR Ow
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PROPOSITION XII,

Any Diameter bife®s all its Double Ordinates, or
Lines parallel to the Tangent at its Vertex.

That is, ME = MH.

v
N
Sx e
™
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For to the axis Al draw the ordinates EG, cD, HI,
and MmN parallel to them, which is equal to cp.
Then, by prop. XI, 2MN or 2¢D = EG ~+ HI,
therefore ™M is the middle of Eu.
And for the fame reafon all its parallels are bifected. Q.E.D.

SCHOLIUNM.

Hence as the abfcifles of any diameter and their ordi-
nates have the fame rclations as thofe of the axis, namely,
that the ordinates are bifected by the diameter, and their
fquares proportional to the abfcifics ; {o all the other pro-
perties of the axis and its ordinates and abicifles, before
demonftrated, will likewife hold good for any diameter
and its ordinates and abfciffes. And alfo thofe of the
parameters, underftanding the parameter of any diameter,
as a third proportional to any abfcifs and its ordinate.
Some of the moft material of which are demonftrated in
the following propolfitions.

PR O~
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PROPOSITION XIII.

The Parameter of any Diameter is equal to four Times
_the Line drawn from the Focus to the Vertex of that

Diameter.

That is, 4Fc = p the param. of the diam. cm.

For draw the ordinate Ma parallel to the tangent cT;
as alfo cp, MN perpendicular to the axis AN, and FH

perpendicular to the tangent crT.

Then the abfcifies ap, cMm or AT being equal by
cor. 2 to prop. 5, the parameters will be as the fquares
of the ordinates ¢p, mA or cT, by the definition;

that is, P:p::cD*:cTh
But, by fim. tri. FH : FT :: cD : ¢T3
therefore P: p :: FH': FT%

But, by cor. 3 prop. 6, FH* = FA+FT;
therefore P:p::FAFT : FT

or, by equal. P:p::FA:FTor FC

But, by prop. 3, P = 4Fa,

and therefore P = 4FT or 4FcC. QE.D.

Coror. Hence the parameter p of the diameter cm
isequal to 4FA + 4AD, or to P - 4AD, that is, the pa-

rameter of the axis added to 4AD.
I2 PR O~
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PROPOSITION XIV.

If an Ordinate to any Diameter pafs through the Focus,
it will be equal to Half its Parameter ; and its Abfcifs
equal to One Fourth of the fame Parameter.

That is, cM = }p, and ME = fp.

For join Fc, and draw the tangent cr.

By the parallels, CM = FT; o
and, by prop. 6, FC = FT;
alfo, by the laft prop. Fc = }p;
therefore cMm = Ip.

Again, by thedefin. cmor

3P : ME :: ME:p,
and confequently

ME = 1p = 2CcM.

Coror. Hence, of any diameter, the double ordinate

which pafleth through the focus, is equal to the parameter,
or to quadruple its abfcifs.

PRO-
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PROPOSITION XV.

If there be a Tangent, and any Line drawn from the
Point of Contaét and mecting the Curve in fome
other Point, as alfo another Line parallel to the Axis,
and limited by the Firft Line and the Tangent : then
fhall the Curve divide this Second Line in the fame
Ration, as the Second Line divides the Firft Line.

That is, IE : EK :: CK : KL.

Id

For draw LP parallel to 1k or to the axis.

"Then, by prop. g, 1E

or by fim. tri, 1E
Alfo, by fim. tri. 1K
or 1K
therefore by ecquality, 1E
or 1E
and, by divifion, 1E

13

PL
PL
PL
PL
IK
IK
EK

c1*: cp%
CK*: cL>
CK : CL,

CK2:. CK+CL}
CK+CL : CL%

CK I CL;

CK : KL, QE.D.

PR Ow
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PROPOSITION XVI.

If a Tangent cut any Diameter produced, and if an
Ordinate to that Diameter be drawn from the Point
of Contact; then the Diftance in the Diameter pro-
duced, between the Vertex and the Interfecion of the

Tangent, will be equal to the Abfcifs of that Ordi-
nate.

That is, 1IE = EK.

// "‘- ,\|
.//
/=K R
S . SN

For, by the laft prop. 1E: Ek :: CcK : KL.
But, by prop. 12, CK = KI,
and therefore IE = EK. Q.E.D.

Corotr. 1. The two tangents ci1, LI, at the extremi-
ties of any double ordinate cL, mect in the fame point of
the diameter of that double ordinate produced. And the
diameter drawn through the interfe&tion of two tangents,
bifects the line connefting the points of contatt.

Coror. 2. Hence we have another method of draw-
ing a tangent from any given point 1 without the curve.
Namely, from 1 draw the diameter 1k, in which take
EK = EI, and through k draw cL parallel to the tangent
at E ; then ¢ and L are the points to which the tangents
muft be drawn from 1.

PR O~
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PROPOSITION XVII.

If from any Point of the Curve there be drawn a Tan-
gent, and alfo Two Right Lines to cut the Curves;
and Diameters be drawn through the Points of In-
terfection £ and L, meeting thofe Two Right Lines
in two other Points ¢ and x: Then will the Line
KG joining thefe laft Two Points be parallel to the
Tangent,

For, by prop. 15, CK LKL :: EI: EK;

and by comp. CK : CL:: EI: KI:: GH : LH by parallels_
But, by fim. tri. cK :CL::KI:LH;

theref. by equal. K1:LH::GH:LH;

confequently KI = GH,

and therefore KG is parallel and equal to rH. Q.E.D.

OTHER WISE.

By prop. 15, EI : EK ::CK :KL:: CE: EG by the
parallels.  So that the two triangles cE1l, KEG have their
angles at E equal, and the fides about thofec angles pro-
portional ; they are therefore fimilar; confequently the
angle at c is equal to the angle at G, and kG parallel to
CH. QE.D.

Coror. 1. Hence we have KI = GH.
Coror. 2. Alfo kI or GH is a mean proportional
between E1 and LH.

For, by the parallels, Exr: K1 :: GH or KI : LH.
I4 PRO-
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PROPOSITION XVIII.

If a Li e he driwn from the Vertex of any Diameter to
cit tie Curve in ‘o ne other Point, and an Ordinate of
that Dia ncter oe drawn to that r'ovint, a- alfo another
Ordinate avy where cutting the Lan, both produced if
nceeflary: The Three will be continual Proportionals,
namely, the two Ordin tes and the Part of the Latter
limited by the fui. Liae drawn from the Vertex.

That is, DE, cH, GI arc continual Proportionals,
Or DE: GH:: GH: Gl

™M
A
—_— N LS
// 'l: I '
// o s F
| o
/ ”»
For, by prop. 10, DE*: GH® 1! AD : AG};
and, by fim. tri. DE : GI :! AD : AG;
theref. by equality DE @ GI :: DE*: GH%
that is, of the three DF, cn, 61, tft @ 3d :: 1ft?: 2d*;
therefore it 2 o2d ::o2d :ogd,
that is DE : GH :: GH : GI. QE.D.

Coror. 1. Or their equals 6k, GH, GI are pro-
portionals ; where EK is parallel to the diameter Ap.

CorolL.
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Coror. 2. Hence wehave DE : AG :: p : GI, where p is
the parame.er, or AG: GI:: DE:p.
For, by the defin. AG : GH :: GH: p.

Coror. 3. Hence alfo the three MN, MI, Mo are pro-
portionals, where Mo is parallel to the diameter, and
AM parallel to the ordinates,

For, by prop. 10, MN, MI, Mo,
or their equals AP, AG, AD,
are as the fquares of PN, GH, DE,
or of their equals GI, GH, GK,

which are proportionals by cor. 1.

PRO=
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PROPOSITION XIX.

If 2 Diameter cut any Parallel Lines terminated by the
Curve ; the Scgments of the Diameter will be as the
Rectangle of the Segments of thofe Lines.

That is, EK : EM :: CK+KL : NM+MO,
Or, Ek is as the re@tangle cK+KL.

For draw the diameter ps tc which the parallels cr,
No are ordinates, and the ordinate EQ parallel to them.

Then ck is the difference, and xL the fum of the
ordinates EQ, CR; alfo xm the difference, and Mo the
fum of the ordinates EQ, ns. And the differences of

the abfcifles, are Q®, QS, or EK, EM.

Then by cor. prop. 10, QR : QS :: CK+KL : NM+MO,
that is EK : EM :: CK+KL : NM+MoO.

CoroL. 1. The re&t. ck.kL = re&. Ex and the param. of ps.

For the rect. ck-kL = ret. QR and the param. of ps.

CoroL.
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P}OPOSITION XXI.

If there be Three Tangents interfeting each other ; their
Segments will be in the fame Proportion.

That is, GI : IH :: CG : GD :: DH : HE.

For through the points ¢, 1, D, H, draw the diameters
GK, IL, DM, HN; as alfo thelines cI1, E1, which are double
ordinates to the diameters Gk, HN, by cor. 1 prop. 16;
therefore the diameters Gk, pM, HN,

bife&t the lines CL, CE, LE;

hence KM = cM — ¢k = 2CE — IcL = 1 LE = LN or NE,

and MN = ME — NE = £ CE — L LE = £ CL = CKOrKL.
But, by parallels, G1:IH:: KL : LN,

and CG : GD:: CK : KM,
. alfo DH : HE:: MN: NE.
But the 3d terms KL, CK, MN are all equal ;

as alfo the 4th terms LN, KM, NE,

Therefore the firft and fecond terms, in all the lines, are
proportional, namely GI: IH ::CG: GD :: DH: HE. Q.E.De
PRAC-



PRACTICAL EXERCISES

IN

M ENSURATTI O N

QuzsT. 1. WHAT difference is there between a floor
28 feet long by 20 broad, and two others each of half the
dimenfions ; and what do all three come to at 455 per
fquare, or 100 fquare feet ?

Anf. dif, 280 fq. feet. Amount 18 guineas.

Qu. 2. An elm plank is 14 feet 3 inches long, and 1
would have juft a fquare yard {lit off it; at what diftance
from the edge muft the line be ftruck ? Anf. 7.22_ inches.

Qu. 2. A ceiling contains 114 yards 6 feet of plafter-
ing, and the room 28 feet broad ; what was the length

of it? Anf. 36$ feet.

Qu. 4. A common joift is 7 inches deep, and 2!
thick ; but I want a fcantling juft as big again, that fhall
be 3 inches thick; what will the other dimenfion be ?

Anf. 113 inches.

Qu. 5. A wooden trough coft me 3s 6d painting
within, at 6d per yard; the length of it was 102 inches,
and the depth 21 inches; what was the width ?

f Anf, 271 inches.
. .Qu. 6, If
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Qu. 6. If my court yard be 47 feet g inches fquare,
and I have laid 2 foot-path with Purbeck ftone, of 4 feet
wide, along one fide of it; what will paving the reft with
flints come to at 6d per fquare yard?  Anf. £ 5 16 ol.

Qu. 7. A ladder, 40 feet long, may be fo planted, ™
that it fhall rexch a window 33 feet from the ground on one -
fide of the ftrect; and, by only turning it over, without
moving the foot out of its place, it will do the fame by
a window 21 fect high on the other fide: what is the
breadth of the ftreet? Anf. 56 feet 73 inches.

Qu. 8. The paving of a triangular court, at 18d per
foot, came to 100l; the longeft of the three fides was 88
fect ; required the fum of the other two equal fides.

- Anf. 10685 feet.

Qu. g. There are two columns in the ruins of Perfe-
polis left flanding upright; the one is 64 feet above the
plain, and the other 50: in a flraight line between thefe
ftands an ancient fmall- ftatue, the head of which is g7
feet from the fummit of the higher, and 86 feet from the
top of the lower column, the bafe of which meafures
juft 76 fect to the center of the figure’s bafe. Required
the diftance between the tops of the two columns.

) Anf. 157 feet nearly.

Qu. 10. The perambulator, or furveying wheel, is fo
contrived, as to turn juft twice in the length ofifa polc,
or 16} feet; required the diameter. Anf. 264§ feet.

~

Qu. 11. In turning a one-horfe chaife withina rix;g‘ ’
of a certain diameter, it was obferved that the outer
wheel made two turns while' the inner made but one:
the wheels were both 4 fect high; and, fuppofing them
fixed at the ftatutable diftance of § feet afunder on the

axletree,
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axletree, what was the circumference of the track de
fcribed by the outer wheel ? Anf, 63 feet nearly,

Qu. 12. What is the fide of that equilateral triangle
whofe area coft as much paving at 8d a foot, as the palli-
fading the three fides did at a guinea a yard ?

. Anf. 72°746 feet.

Qu. 13. Inthe trapezium ABCD are given AB = 13,
BC = 31}% CD = 24, and pa = 18, alfo B a right angle;
required the area. Anf. 410°122.

Qu. 14. A roof, which is 24 feet 8 inches by 14 feet 6
inches, is to be covered with lead at 81b per fquare foot :
what will it come to at 18s per cwt? Anf. [22 19 10].

Qu. 15. Having a retangular marble flab, 58 inches
by 27, I would have a fquare foot cut off parallel to the
fhorter edge ; 1 would then have the like quantity divided
from the remainder parallel to the longer fide; and
this alternately repeated, till there fhall not be the quan-
tity of a foot left : what will be the dimenfions of the
remaining piece ? Anf. 20°7 inches by 6-086.

Qu. 16. Given two fides of an obtufe-angled triangle,
which are 20 and 40 poles ; required the third fide that
the triangle may contain juft au acre of Jand..

Anf. 58-876 or 23°699.

Qu. 17. The end wall of a houfe is 24 feet' 6 inches
in breadth, and 40 feet to the eaves; } of which is 2
bricks thick, %+ more is 1} brick thick, and the reft 1
brick thick. Now the triangular gable rifes 38 courfes
of bricks, 4 of which ufually make a foot in depth, and
this is but 4L inches, or half a brick thick: what will
this picce of work come to at 51 10s per ftatute rod ?
Anf. £ 20 11 7L

Qu. 18. How

-
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Qu. 18. How many bricks will it take to build a
wall 10 feet high, and 3500 feet long, and a brick and
half thick, reckoning the brick 10 inches long, and 4
courfes to the foot in height ? Anf. 36000.

Qu: 19. How many bricks will build a fquare pyra-
mid, of 100 feet on each fide at the bafe, and alfo 100 feet
perpendicular height: the dimenfions of a brick being fup.

@pfed 10 inches long, 5 inches broad and 3 inches thick.
Anf. 3840000.

’

Qu. 20. If from a right-angled triangle, whofe bafe
is 12, and perpendicular 16 feet, a.line be drawn parallel
to the perpendicular cutting off a triangle whofe area is
24 fquare feet ; required the fides of this triangle.

Anf, 6, 8, §nd 10.
¥

Qu. 21. The ellipfe in Grofvenor-fquare meafres 840
links acrofs the longeft way, and 612 the fhorteft, within
the rails: now the walls being 14 inches thick, what
ground do they inclofe, and what do they ftand upon?

inclofe 4ac or 6p.
Anf. gﬁand on 17601 {q feet.

Qu. 22. If a round pillar,) inches over, have 4 feet
of ftone in it; of what diameter is the column, of equal
length, that contains 10 times as much?

Anf. 22°136 inches.

Qu. 23. A circular ﬁfh'pomi is to be made in a gare
den, that fhall take up juft half an agfe ; what muft be

the length of the cord that ftrikes theycircle ?
/ Anf. 272 yards.
-

Qu. 24. When a roof is of a true pitch, the rafters
are L of the breadth of the building: now fuppofing the
eaves-boards to proje&t 10 inches on a fide, what will the

K new
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new ripping a houfe coft, that meafures 32 feet 9 inches
long, by 22 feet g inches broad on theé flat, ati1ss per
fquare ? Anf. £ 8 15 gL~

Qu- 25. A cable which is 3 feet long, and g inches in
compafs, weighs 221b; what will a fathom of that cable
weigh, which meafures a foot about ? Anf. 78% lb ‘

‘Qu. 26. My plumber*ﬁmg Pput 281b per fquare foo
into a ciftern 74 inches and twice the thicknefs of té
lead long, 26 inches broad, and 40 deep; he has alfa put
three ftays acrofs it within, 16 inches deepy of the fame

_ ftrength, and reckons 22s per cwt, for work and materials.
I, being 2 mafon, have paved him sistiskthop, 22 feet 10

s proad, with Purbeck ftone, at 7({ per foot; and

e balance I find there is 35 6d due to him; what

length of the workfhop ? Anf, 32f oinch.

QI_J. 27. The diftance of the centers of two circles,
whofc diameters are each 50, bcmb given equal to 303
what is the area of the fpace inclofed by their circumfer-

ences? Anl. 559119,

Qu. 28. If 20 feet of iron railing weigh half a ton
when the bars are an inch and quarter fquare, what will
50 fect come to at 31d per Ib, the bars being but 7 of an
inch fquare? Anf. £20 0 2.

Qu. 29. The area of an equilateral triangle, whofe
bafe fulls on the diameter, and its vertex in the middle of
the arc of a femicircle, is¢qual to 1c0: whdt is the diame-
ter of the femicircle? Anf. 26-32148.

x Qu. 30. Itis requirc:i to find the thicknefs of the lead
in apipc of an inch and quarter bote, which weighs 1a1b
per yard in length; the cubic foo} of lead weighing
11325 ounces, -Anf. 20737 inches.

Qu. 3r. Sup-
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l Qu. 31. Suppofe the expence of paying a femicircular
plot, at 2s 4d per foot, come to 10l, what is the diameter
of it? Anf. 14'7737.

v Qu. 32. What is the length of a chord which cuts off &

‘of the area from a circle whofe diameter is 289 ?
Anf, 278:6716.

Qu. 33. My plumber has fet me up a ciftern, and,
his fhop-book being burnt, he has no means of bringing
in the charge, and I do not choofe to take it down to have
it weighed ; but by meafure he finds it contains 64-3; {quare
feet, and that it is precifely ; of an inch in thicknefs.
Lead was then wrought at 21l per fother of 195 cwt. It
is required from thefe items to make out the bill, allow-

ing 650z for the weight of a cubic inch of lead.
Anf. f4 11 2

Qu. 34. What will the diameter of a globe be, when

the folidity and fuperficial content are exprefled by the

{ume number ? Anf. 6.

Qu. 35. A fack, that would holdfé buthels of corn,
is 22% inches broad when empty ; what will another fack
contain which, being of the fame length, has twice its
breadth or circumference 2 Anf. 12 bufhels.

Qu. 36. A carpenter is to put an oaken curb to a
round well, at 8d per foot fquare: the breadth of the
curb is to be 7% inches, and the diameter within 13} feet:
{what' will be the expence? 7 Anf. 55 234,

. Qu. 37. A gentleman has a garden 100 feet long,

and 80 feet broad ; and a gravel walk is to be made of an

equal width half round it: what muft the breadth of the
walk be to take up juft half the grou.nd‘? £

Ka2 . Ax}f 25-968 feet.

Q38 A
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Qu. 38. A may-pole whofe top, being broken off by
a blaft of wind, ftruck the ground at 15 feet diftance from
the foot of the pole; what was the height of the whole
may-pole, fuppofing the length of the broken piece to be
39 feet? Anf. 75 feet.

Qu. 39. Seven men bought a grinding ftone of 60
< inches diameter, each paying J part of the expence;
what part of the diameter muft each grind down for his
fhare ?
Anf. the 1t 4-4508, 2d 48400, 3d 5:3535, 4th
6-0765, 5th 72079, 6th 9°3935, 7th 22°6778.

Qu. 40. A maltfter hasa kiln that is 16 feet 6 inches
fquare: but he wants to pull it down, and build a new
one that may dry three times as much at once as the old
one ; what muft be the length of its fide?

Anf, 28f 7inches.

Qu. 41. How many 3 inch cubes may be cut out of 2
12 inch cube? . Anf. 64.

Qu. 42. How long muft the tether of a horfe be, that
will allow him to graze, quite around, juft an acre of
ground ? Anf. 395 yards.

. Q- 43. What will the painting of a conical fpire
come to at 8d per yard ; fuppofing the height to be 118
feet, and the circumference of the bafe 64 feet?

Anf. £ 14 0 8%

Qu. 44. The diameter of a ftandard corn bufhel is
182 inches, and its depth 8 inches; then what muft the
diaméter of that bufﬁel be whofe depth is 7% inches ?

Anf 19°1067.

Qu. 45. Sup-
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Qu. 45. Suppofe the ball on the top of St. Paul’s
church is 6 feet in diameter; what did the gilding of it coft
at 31d per fquare inch Anf, £ 237 19 10},

Qu. 46. What will a fruftum of a marble cone come
to at 125 per folid foot ; the diameter of thc greater end
being 4 feet, that of the lefs end 1, and the length of
the flant fide 8 feet? Anf. £ 30 1 10%L.

Qu. 47. To divide a cone into three equal parts by
feQlions parallel to the bafe, and to find the altitudes of
the three parts, the height of the whole cone being 20
inches.

Anf. the upper part 13-867
the middle part 3-604
the lower part 2°528

* Qu. 48. A gentleman has a bowling-green, 300 feet
long, and 200 feet broad, which he would raife 1 foot
higher, by means of the earth to be dug out of a ditch
that goes round it: to what depth muft the ditch be dug,
fuppofing its breadth to be every where 8 fect?

Anf, 723 feet.

~Qu. 49. How high above the earth muft a perfon be
ifed, that he may fee I of its furface?
Anf. to the height of the earth’s diameter.

Qu. 50. A cubic foot of brafs is to be drawn into
wire of ;% of an inch in diameter ; what will the length
of the wire be, allowing no lofs in the metal?

Anf. 97784°797 yards, or 55 miles 984+797 yards.

‘Qu. s51. Of what diameter muft the bore of a cannon
be, which is caft for a ball of 241b weight, fo that the
diameter of the bore may be ;% of aninch more than that
of the ball? Anf. §+757 inches.

K 3 Qu. 52. Sup.
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Qu. 52. Suppofing the diameter of an iron 9lb ball
to be 4 inches, asitis very nearly ; itis requlred to find the
diameters of the feveral balls weighing 1, 2, 3, 4, 6,
12, 18, 24, 36, and 421b, and the caliber of their guns,
allowing %5 of the caliber, or %5 of the ball’s diameter,
for windage.

Anfwer,
Wt Diameter Caliber
ball ball gun

1 1°9230 1°9622
2 2°4228 2°4723
3 | 2773¢ | 28301
4 | 30520 | 3'I149
6 34943 35656
9 4°0000 40816
12 | 44026 4°4924
18 50397 5'1425
24 5°5469 56601
36 | 6:3496° | 6°4792
42 6:6844 6:8208

Qu. 53. Suppofing the windage of all mortars be
allowed to be %, of the caliber, and the diameter of the
hollow part of the fhell to be 7%; of the caliber of the
mortar: It is required to determine the diameter and
weight of the fhell, and the quantity or weight of powder
requifite to fill it, for each of the feveral forts of mortars,

namely, the 13, 10, 8, 58, and 4°6 inch mortar.

Anfwer.
Calib, %l D ;ncter Wt fhell Wt of Wt fhell
mort, ol empty powder filled
4" :@523 8:320 | o583 8903
5'3‘ 703 16:677 1'168 17845
8 " 7867 43764 3'665 46-829
12 9833 85476 5°986 91°462
13 12783 187°791 137151 200°942
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Qu. 54. If a heavy fphere, whofe diameter is 4 inches,
be let fall into a conical glafs, full of water, whofe diame-
ter is 5, and altitude 6 inches ; it is required to determine
how much water will run over.

Anf, 26'272 cubic inches, or near 33 parts of a pint.

Qu. 55. The dimenfions of the {phere and cone being the
fame as in the laft queftion, and the cone only ] full of
water ; required what part of the axis of the {phere is im=
merfed in the water: Anf, *546 parts of an inch.

Qu. 56. The cone being il the fame, and L full of
water ; required the diameter of a fphere which fhall be
juft all covered by the water. Anf. 2°445996.

’

Qu. §7. 1If a perfon, with an air balloon, afcend ver-
tically from London, to fuch height that he can juft fee
Oxford appear in the horizon; it is required to deftermine
his height above the earth, fuppofing the earth’s radius
to be 3965 mules, and the diftance between l.ondon and

Oxford 49'5933 miles.
Anf. 3’ of amile, or 547 yards 1foot.

To00

“Qu. 58. In a garrifon therc ate three remarkable
objefts A, B, ¢, the diftances of which from one to
another are known to be AB 213, AC 424, and BC 262
yards; I am defirous of knowing my pofition and dif-
tance at a place or ftation s, from whence I obferved
the angle AsB 13° 30’, and the angk csB 29° 50% both
by geometry and tngonomstrz'

o .
A sadent
Anfwer, //
As 6053, Bs 429f, €8 524« /

Qy’- 59' Rﬂ"'”}u ‘
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Qu. 59. Required the fame as in the laft queftion,
when the point 5 is on the other fide of ac, fuppofing
AB g, Ac 12, and BC 6 furlongs; alfo the angle ase
33° 45, and the angle Bsc 22° 30,

* 3
Anfwer. ’
As 1064, Bs 15°64, Cs 14°0T,

Qu. 6o. Ttis required todetermine the magnitude of

a cube of gold, of the ftandard finenefs, which fhall be

equal to the national debt of 240 million of pounds ; fup-
pofing a guinea to weigh 5 dwts g1 grains.

Anf. 153000 feet.

Qu. 61. The ditch of a fortification is 1000 feet long,
g fect deep, 20 feet broad at bottom, and 22 at top;

how much water will fill the ditch?
Anf, 1158182 gallons nearly,

2N



SPECIFIC

GRAVITY.

"1 HE fpecific gravities of bodies, are their relative
weights contained under the fame given magnitude ; as a
cubic foot, or a cubic inch, &c.

The fpecific gravities of feveral forts of matter are ex-
prefled by the numbers annexed to their names in the fol-

lowing table.

A Table of the %i c Gravities of Bodies.

Fine gold 196fo Brick . 2000
Standard gold 18888 Light earth 1984
Quick-filver 14000 Solid gun-powder 1745
Lead 11325 Sand 1520
Fine filver 11091 Pitch 1150
Standard filver 10535 Box-wood 1030
Copper gooo Sea-water . 1030
Gun metal 8784 Common water 1000
Caft brafs 8000 Oak - 925
Steel . 7850 Gun-powder, fhaken 922
Iron 7645 Afh \ 800
Caft iron 7425 Maple 755
Tin 7320 Elm 4‘, 600
Marble ="~ ‘2700 Tir 550
Common ftone " 2520 Cork 240
Loom 2160 Air at a mean ftate 1

Note.
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Note, The feveral forts of wood are fuppofed to be
dry. Alfo, as a cubic foot of water weighs juft 1000
ounces avoirdupois, the numbers in this table exprefs, not
only the fpecific gravities of the feveral bodies, but alfo the
weight of a cubic foot of each, in avoirdupois ounces ; and
thence, by proportion, the weight of any other quantity,
or the quantity of any other weight, may be known, asin
the following problems. .

PROBLEM I
To find the Alagnitude of any Body from its Weight.

As the tabular fpecific gravity of the body,
Is to its weight in avoirdupois ounces,

So is one cubic foot, or 1728 cubic inches,
To its content in feet, or inches; refpectively.

EXAMPLES.

. Ex. 1. Required the content of an irregular block of

common {tone which weighs 1 cwt, or 1121b.
Anf, 12281315 cub. inc,

Ex. 2. How many cubic inches of gun-powder are
there in 11b weight. Anf, 30 cubic inches nearly.

Ex. 3. How many cubic fegt are there in a ton weight
of dry oak} Anf. 38132 cubic fect,
PROBLEM II,

To fnd the Weight of a Body from its Magnitude.

# As one cubic foot, or 1728 cubic inches,
p1s to the content of the body,
- So is its tabular fpecific gravity,
- 'To the weight of the body,

EXAMPLES,
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. EXAMPLES.

Ex. 1. Required the weight of a block of marble, whofe
length is 63 feet, and breadth and thicknefs each 12 feet;
being the dimenfions of one of the ftones in the walls of
Balbeck.

Anf. 683 ton, which is nearly equal to the burthen of
an Eaft-India fhip.

Ex. 2. What is the weight of 1 pint, ale meafure, of
gun-powder? Anf. 19 oz. nearly.

Ex. 3. What is the weight of a block of dry oak,
which meafures 10 feet in length, 3 feet broad, and 23 feet
deep ? - Anf. 4335+%1b.

PROBLEM IIL
Do find the Specific Gravity of a Body.

Case 1. When the body is heavier than water, weigh
#t both in water and out of water, and take the differcnce,
which will be the weight loft in water. Then

As the weight loft in water,

Is to the whole weight,

So is the fpecific gravity of water,
‘To the fpecific gravity of the body.

EXAMPLE,

A piece of ftone weighed 101b, but in water only.6} Ib,
rcquired its fpecific gravity. Anf. 3077.

Case 2. When the body is lighter than water, fo that
it will not quite fink ; affix to it a piece of another body
heavier than water, fo that the mafs compounded of the
two may fink together. Weigh the heavier body, and the
compound mafs, feparately, both in water and out of it;
then find how much each lofcs in water, by fubtracling its

weight
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weight in water from its weight in 2ir ; gnd fubtraét the
lefs of thefe remainders from the greater. Then

As this laft remainder,

Is to the weight of the light body in air,
So is the fpecific gravity of water,

To the fpecific gravity of the body.

EXAMPLE.

Suppofe a picce of elm weighs 151b in air, and that a
piece of copper, which weighs 181b in air and 161b in
water, is affixed to it, and that the compound weighs 8 b
in water ; required the fpecific gravity of the elm.

Anf. 600.

PROBLEM IV,

To find the Quantities of Two Ingredients in a given Com-
pound.

Take the three dufferences of cvery pair of the three
ip. ¢ fic gravitses, namdly, the fpecific gravities of the com-
pound and cach ingredient ; and multiply the difference of
every two fpecific gravities by the third. Then, as the
greateft produét is to the whole weight of the compound,
fo is each of the other produts to the two weights of the
ingredients.

EXAMPLE,

A compofition of 1121b being made of tin and copper,
whofe fpecific gravity is found to be 8784 ; required the
quantity of eaclfffngredient, the fpecific gravity of tin being
7320, and of copper 9ooo.

Anfwer, thete is 100 b of copper

and confeq. 121b of tin } in the compofition.

OF



OF THE
WEIGHT anp DIMENSIONS
OF

BALLS aAxp SHELLS.

TH E weight and dimenfions of balls and fhells might
be found from the problems laft given concerning fpecific
gravity., But they may be found fifl eafier by means of
the experimented weight of a ball of a given fize, from
the known proportion of fimilar figures, namely, as the
cubes of their diameters.

PROBLEM 1.
To find the Weight of an Iron Ball, from it; Diameter.

An iron ball of 4 inches diameter weighs glb, and the
weights being as the cubes of the diameters, it will be as
64 (which is the cube of 4)is to g, fo is the cube of the
diameter of any other ball, to its weight. Or take 2. of
the cube of the diameter, for the weight. Or take [ of
the cube of the diameter, and J of that again, and add the
two together, for the weight.

EXAMPLES:

Ex. 1. The diameter of an iron fhot being 6'7, re=
quired its weight. Anf, 42°294 lb.

Ex. 2.
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Ex. 2. What is the weight of an iron ball whofe
diameter is 5°54 inches ? Anf, 241b.

PROBLEM 1I1.
To find the IWeight of a Leaden Ball,

A leaden ball of 4% inches diameter weiths 171bj

therefore as the cube of 4% to 17, or ncarly as g to 2,
fo is the cube of the diameter of a leaden ball, to its
weight. )

Or take 2 of the cube of the diameter, for the weight;
nearly. -~
d EXAMPLES.

Ex. 1. Required the weight of aleaden ball of 6:6

inches diameter. Anf. 63°8881b.
Ex. 2. What.is the weight of a leaden ball of §'24
inches diameter ? Anf. 321b nearly.

PROBLEM IIL
To find the Diameter of an Iron Ball.

Multiply the weight by 7%, and the cube root of the
product will be the diameter. ] .

EXA 1\& PLES.
Ex. 1. Required the diameter of a 421b iron ball
Anf. 6685 inches.

Ex, 2, Whatis the diameter of a 24 Ib iron ball ?
Anf. §°54 inches,
PROBLEM IV,
To find the Diameter of a Leaden Ball,
Multiply the weight by g, and divide the produét by 2; °
then the cube root of the quotient will be the diameter.

EXAMPLES,
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EXAMPLES.

Ex. 1. Required the diameter of a 641b leaden ball.
Anf, 6:605 inches.

Ex. 2. What is the diameter of an 81b leaden ball?
Anf, 3303 inches.
PROBLEM V.
To find the WWeight of an Iron Shell.

Take 2 of the difference of the cubes of the external
and internal diameter, for the weight of the fhell,

That is, from the cube of the external diameter take
the cube of the internal diameter, multiply the remainder
by g, and divide the product by 64.

EXAMPLES.

Ex. 1. The outfide diameter of an iron fhell being 128,

and the infide diameter g1 inches ; required its weight.
Anf, 188-g411b.

Ex. 2. What is the weight of an iron fhell, whofe ex-
ternal and internal diamecters are 9'8 and 7 inches ?

Anf. 847 Ib.
PROBLEM - VI.
To find how much Powder will fill a Shell.
Divide the cube of the internal diameter, in inches, by
573, for the lbs of. powder.
. EXAMPLES,
Ex. 1. How much powder will fill the fhell whofe in=
ternal diameter is 9°1 inches ? Anf. 132 1b nearly.
Ex. 2. How much powder will fill the fhell whofe in-
ternal diameter is 7 inches ? Anf. 61b.

6 PR O~
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PROBLEM VIL
To find how much Powder will fill a Reftangular Box.

Find the content of the box in inches, by multiplying the
length, breadth, and depth all together. Then divide by
30 for the pounds of powder.

EXAMPLES.

Ex. 1. Required the quantity of powder that will fill a
box, the length being 15 inches, the breadth 12, and the

depth 10 inches. Anf. 6olb.
Ex. 2. How much powder will fill a cubical box
whofe fide is 12 inches ? Anf. 573 1b.

PROELEM VI
To find how much Powder will fill a Cylinder.
Multiply the fquare of the diameter by the length, then
divide by 38-2 for the pounds of powder.
EXAMPLES.

Ex. 1. How much powder will the cylinder hold

whofe diameter is 10 inches, and length 20 inches?
Anf. 521 1b nearly.
Ex. 2. How much powder can be contained in the
cylinder, whofe diameter is 4 inches, and length 12 inches?
Anf. 5.5 1b.

PROBLEM IX.

Yo find the Size of a Shell to contain a given Weight of
Powder.

Multiply the pounds of powder by §7:3, and the cube
root of the product will be the diameter in inches.

EXAMPLES,

Ex. 1. What is the diameter of a fhell that will hold

135 1b of powder? Anf. g'1 inc%es.
Xe
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Ex. 2. Wl}at is the diameter of a fhell to contain 61b
of powder? Anf. 7 inches.

PROBLEM X,

To find the Size of a Cubical Box to contain a given Weight
of Powder.

Multiply the weight in pounds by 30, and the cube root
of the produ& will be the fide of the box in inches.

EXAMPLES.
Ex. 1. Required the fide of a cubical bex to hold 501b

of gun-powder. Anf, 11°44 inches.
Ex. 2. Required the fide of a cubical box to hold
4001b of gun-powder. Anf. 2289 inches.

PROBLEM XI.
To find what Length of a Cylinder will be filled by a given
Weight of Gun-powder.
Multiply the weight in pounds by 38:2, and divide the
produé by the fquare of the diameter in inches, for the
length.

EXAMPLES.

Ex. 1. What length of a 36 pounder gun, of 63 inches
diameter, will be filled with 121b of powder ?
Anf. 10°314 inches.

Ex. 2. What length of a cylinder of 8 inches diameter
may be filled with 201b of powder? - Anf. 11{$inc.



OF THE

B AL L S AND S HEUL L S.

1 RON balls and fhells are commonly piled, by horizontal
courfes, either in a pyramidical or wedge-like form; the
bzfe being either an equilateral triangle, a fquare, or a
reStangle. In the triangle and fquare, the pile will finith
in a fingle ball; but in the refangle, it will finifh in a
fingle row of balls, like an edge.

In triangaular and fquare piles, the number of horizontal
rows, or courfes, is always equal to the number of balls in
one fide of the bottom row. And in rectangular piles,
the number of rows is equal to the number of ballsin the
breadth of the bottom row. Alfo in the number in the
top row, or edge, is one more than the difference between
the length and breadth of the bottom row.

PROBLEM 1.

To find the Number of Balls in a Triangular Pile.

Multiply continually together the number in one fide of
the bottom row, that number increafed by 1, and the fame
numbggincreafed by 2; and I of the laft produé will be
the amfwer.

That
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. N . .
That is, %%+ 16 %+ 2 is the number or fum ; where

n is the number in the bottom row.

Ex. 1. Required the number of balls in a triangular pile,
each fide of the bafe containing 30 balls. Anf. 4960.

Ex. 2. How many balls are in the triangular pile,
each fide of the bafe containing 20? Anf. 1540.

PROBLEM Il
To findthe Number of Balls in a Square Pile.
Multiply continually together the number in one fide of
the bottom courfe, that number increafed by 1, and double
the fame number increafed by 1 ; then § of the laft pro-
duét will be the anfwer.

That 1s, %2 16'2" 1 is the number.

EXAMPLES.

Ex. 1. How many balls are in a fquare pile of 30 rows ?
: Anf. 9455.

Ex. 2. How many balls are in a fquare pile of 20

rows ? Anf. 2870.

PROBLEM IIIL
70 find the Number of Balls in a Rectangular Pile.,

From 3 times the number in the length of the bafe row,
fubtra&t one lefs than the breadth of the fame, multiply the
remainder by the faid breadth, and the produét by one
more than the fame ; and divide by 6 for the anfwer.

That is, heb+t .631 —b+ T the number ; where
! is the length, and 5 the breadth of the loweft -courfe.

L2 Note.
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Niste. 1In all the piles, the breadth of the bottom is equal
to the number of courfes. And in the oblong or rettan.

gular pile, the top row is one more than the difference be-
tween the length and breadth of the bottom.

EXAMPLES.
Ex. 1. Required the number of balls in a re€tangular

pile, the length and breadth of the bafe row being 46 and 15.
Anf. 4960.

Ex. 2. How many fhot are in a re&angular complete

pile, the length of the bottom courfe being 59, and its
breadth 20 ? Anf. 11060,

PROBLEM IV.
To find the Number of Balls in an Incomplete Pile.
From the number in the whole pile, confidered as com-
plete, fubtract the number in the upper pile which is
wanting at the top, both computed by the rule for their

proper form ; and the remainder will be the number in the
fruftum, or incomplete pile.

EXAMPLES.

Ex. 1. To find the number of fhot in the incomplete

triangular pile, one fide of the bottom courfe being 40, and
the top courfe 20. Anf. 10150,

Ex. 2. How many fhot are in the incomplete triangular
pile, the fide of the bafe bging 24, and of the top 8 ?

Anf. 2516.
Ex. 3. How many balls are in the incomple# fguare
pile, the fide of the bafe being 24, and of the to
ko
Anf. 4760.

. ‘4. How many fhot are in the incomplete re@an-
golar pile, of sb tourfes, the length and breadth of the
+hafe being 40 and 20 7 Anf. 6146.

oF



DISTANCES
BY THE

VELOCITY ofr SOTUND

BY various experiments it has been found that found
flies, through the air, uniformly at the rate of about 1142
feet in 1 fecond of time, or a mile in 4% feconds. And
therefore, by proportion, any diftance may be found cor-
refponding to any given time ; namely, multiply the given
time, in feconds, by 1142, for the correfponding diftance
in feet; or take 3 of the given time for the diftance in
miles,

Nute. The time for the paffage of found 1n the inter-
val betwedn feeing the flath of a gun, or lightning, and
hearing the réport, may be obferved by a watch, or a fmall
pendulum. Or it may be obferved by the beats of the
pulfe in the wrift, counting, on an average, about 70 to a
minute for perfons in moderate health, or 5} pulfations to
2 mile; and more or lefs according to circumftances.

EXAMPLES.

Ex. 1. After obferving a flath of lightning, it was 12
feconds before I heard the thunder ; required the diftance of

the cloud from whence it came. Anf. 24 miles,
L3 Ex. 2.

-
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Ex. 2. How long, after firing the tower guns, may
the report be heard at Shooters-Hill, fuppofing the diftance
to be 8 miles in a ftraight line ? Anf. 37} feconds.

Ex. 3. After obferving the firing of alarge cannon at
a diftance, it was 7 feconds before I heard the report;
what was its diftance ? Anf. 11 mile.

Ex. 4. Perceiving a man at a diftance hewing down a
tree with an axe, I remarked that 6 of my pulfations pafled
between feeing him ftrike and hearing the report of the
blow; what was the diftance between us, allowing 70
pulfes to a minute ? Anf. 1 mile and 198 yards.

Ex. 5. How far off was the cloud from which thunder
iflued, whofe report was § pulfations after the flath of
lightning ; counting 75 to a minute?  Anf, 1523 yards.

Ex. 6. If I fee the flath of a cannon fired by a fhip in
diftrefs at fea, and hear the report 33 feconds after, how
far is fhe off ? Anf. 7% miles,

PRAC-



PRACTICAL EXERCISE

IN

MECHANICS, STATICS, HYDROSTATICS, SOUND, MO~
TION, GRAVITY, PROJECTILES, AND OTHER

BRANCHES OF NATURAL PHILOSOPHY.

QueEsTION 1. REQUIRED the weight of 3 caft

iron ball of 3 inches diameter, fuppofing the weight of

a cubic inch of the metal to be 0258 Ib avoirdupois.
Anf, 3:647391b.

Qu. 2. To determine the weight of a hollow fpherical
iron fhell § inches in diameter, the thicknefs of the metal
being one inch. Anf. 1323871b.

Qu. 3. Being one day ordered to obferve how far a
battery of cannon was from me, I counted by my watch
17 feconds between the time of feeing the flath and hear-
ing the report ; what was the diftance ? Anf, 3% miles.

Qu. 4. If the diameter of the earth be 7930 miles,
and that of the moon 2160 miles ; required the proportion
of their furfaces, and alfo of their folidities ; fuppofing
them both to be globular, as they are very nearly.

Anf, the furfaces are as 131 to T nearly.
and the folidities as 494 to 1 nearly.

L 4 Qu. 5. It
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Qu. 5. It is propofed to determine the proportional
quantities of matter in the earth and moon ; the denfity of
the former being to that of the latter as 10to 7, and their
diameters as fpecified in the preceding problem.

Anf. as 71 to 1 nearly.

Qu. 6. What difference is there, in point of weight,
between a block of marble containing 1 cubic foot and 2
half, and another of brafs of the fame dimenfions ?

Anf. 4961b 140z.

Qu. 7. In the walls of Balbeck in Turkey, the an-
cient Heliopolis, therc are three ftones laid end to end,
now in fight, that meafure in length 61 yards; one of
which in particular is 21 yards or 63 feet long, 12 feet
thick, and 12 feet broad : now if this block be marble,
what power would balance it, fo as to prepare it for
moving ?

Anf, 693.% tons, the burthen of an Eaft-India fhip.

Qu. 8. The battering-ram of Vefpafian weighed, fup-
pofe 100000 pounds ; and was moved, let us admit, with
fuch a velocity, by ftrength of hands, as to pafs through
20 feet in one fecond of time; and this was found fuffi-
cient to demolith the walls of Jerufalem. The queftion
is with what velocity 2 321b ball muft move, to do the
fame execution. Anf. 62500 feet.

Qu. g. There are two bodies, of which the one con-
tains 25 times the matter of the other, or is 25 times
heavier ; but the lefs moves with 1000 times the velocity
of the greater : in what proportion then are the momenta
or forces with which they are moved ? '

Anf. the lefs moves with a force 40 times greater.

Qu. xo. ,‘g‘A body, weighing 201b, is impelled by fuch

2 force 44 “to fend it through roo feet in a fecond ; with
what
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what velocity then would a body of 81b weight move, if
it werc impelled by the fame force?
Anf. 250 feet per fecond.

Qu. 11. There are two bodies, the one of which
weighs 1001b, the other 60; but the lefs body is im-
pelled by a force 8 times greater than the other ; the pro-
portion of the velocities, with which thefe bodies move,
is required.

Anf. the velocity of the greater to that of the lefs, as 3to 0.

Qu. 12. There are two bodies, the greater contains

8 times the quantity of matter in the lefs, and is moved

with a force 48 times greater ; the ratio of the velocities
of thefe two bodies is required.

Anf, the greater to the lefs, as 6 to 1.

Qu. 13. There are two bodies, one of which moves
40 times {wifter than the other ; but the fwifter body has
moved only one minute, whereas the other has becen in
motion 2 hours : the ratio of the fpaces defcribed by thele
two bodies is required.

Anf, the fwifter to the flower, as 1 to 3.

Qu. 14. Suppofing one body to move 30 times
fwifter than another, as alfo the fwifter to move 12
minutes, the other only 1: what difference will there
be between the fpaces defcribed by them, fuppofing the
laft has moved 6o inches ? Anf. 1795 feet.

Qu. 15. There are two bodies, the one of which has
pafled over 50 miles, the other only §; and the firft had
moved with 5 times the celerity of the fecond : what is
the ratio of the times they have been in defcribing thofe
fpaces ? Anf, as2to 1.

Qu. 16. If
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¢ Qu. 16. If alever, 40 effe@ivc inches long, will, by
a certain power thrown fucceflively upon it, in 13 hours,
raife a weight 104 feet; in what time will two other levers,
cach 18 effeltive inches long, raife an equal weight 73
feet ? Anf. 10hours 8} minutes.

Qu. 17. What weight will a man be able to raife, who
prefles with the force of a hundred and a half, on the end
of an equipoifed handfpike 100 inches long, meeting with

ka convenient prop exallly 73 inches from the lower end of
the machine ? Anf. 2072 1b.

Qu. 18. A weight of 121b laid on the fhoulder of a
man is no greater burthen to him than its abfolute weight,
or 24 ounces: what difference will he feel, between the
faid weight applied near his elbow, at 12 inches from the
thoulder, and in the palm of his hand, 28 inches from the
famé; and how much more muft his mufcles then draw to
fupport it at right angles, that is, having his arm ftretched
right out? Anf. 24 1b avoird?pois.

Qu. 19. What weight hung on at 70 inches from
the centre of motion of a fteel-yard, will balance 2 fmall
gun of 9% cwt, freely fufpended at 2 inches diftance from
the faid centre on the contrary fide ? Anf. 30210,

Qu. 20. It is propofed to divide the beam of a fteel-
yard, or to find the points of divifion where the weights of
1y 2 3y 4, &c lb on the one fide, will juft balance a
conftant weight of 98 Ib at the diftance of 2 inches on the
other fide of the fulcrum, the weight of the beam being
101b, and its whole length 36 inches.

Anf. 30, 15, 10 73 6 5 4% 3b 35 3 %'n 21, &
Qu. 21. Two men carrying a burthen of 2001b
weight beuween them, hung ona pole, the ends of which

1éft on their thoulders ; how much of this load is borne by
each
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each man, the weight hanéing 6 tfiches from the muiddle,
and the whole length of the pole being 4 feet ?
Anf. 1251b and 751b,

Qu. 22. If, in a pair of fcales, a body weigh golb in
one fcale, and only 40lb in the other ; required its tiue
weight, and the proportion of the lengths of the two arms
of the balance beam on each fide of the point of ful-
penfion.

Anf. the weight 601b, and the propor. 3 to 2.

Qu. 23. To find the weight of a beam of timber,
or other body, by means of 2 man’s own weight, or any
other weight. For inftance, a piece of tapering timber,
24 feet long, being laid over a prop, or the edge of another
beam, is found to halance itfelf when the prop is 13 feet
fiom the lefs end ; byt removing the prop a foot nearer to
the faid end, it takes a man’s weight of 210lb, ftanding
on the lefs end, to hold it in equilibrium. Required the
weight of the tree. . Anf. 2520 Ib.'"

Qu. 24. If AB be a cane or walking-ftick, 40 inches
long, fufpended by a ftring sp faftened to the middle point
p: now a body being hung on at g, 6 inches diftant from
D, is balanced by a weight of 21b, hung on at the larger
end A; but removing the body to ¥, one inch nearer to
D, the 21b weight on the other fide is moved to G,
within 8 inches of p, before the cane will reft in equili-
brio. Required the weight of the body. Anf. 24 Ib.

Qu. 25. If AB, BC be two inclined planes, of the'*
lengths of 30 and 40 inches, and moveable about the joint
at B: what will be the ratio of two weights p, Q_, in equi-
librio upon the planes, in all pofitions of them; and what{
will be the altitude BD of the angle B above the hori-
zontal plane Ac when this is 50 inches long ?

Anf. BB =24 ; and p4o Qas AB t0 BC, or a5 310 4.

Qu. 26, A



156 PRACTICAL EXERCISES.

Qu. 26. A lever of 6 feet long is fixed at right angles
in a fcrew, whofe threads are one inch afunder, fo that the
lever turns juft once round in raifing or deprefling the
fcrew one inch. If then this lever be urged by a weight

or force of 50 lb, with what force will the fcrew prefs ?
Anf. 22619 Ib.

Qu. 27. Ifa man can draw a weight of 1501b up the
fide of a perpendicular wall, of 20 feet high; what
weight will he be able to raife along a fmooth plank of 30

feet long, laid aflope from the top of the wall?
' ' Anf. 2251b.

H

Qu. 28. Ifaforce of 150lb be applied on the head
of a re&tangular wedge, its thicknefs being 2 inches, and
the length of its fide 12 inches; what weight will it

raife or balance perpendicular to its fide ?
’ Anf. goolb.

Qu. 29. If a round pillar, of 30 feet diamecter, be
raifed on a plane, inclined to the horizon in an angle of
75° or the fhaft inclining 15 degrees out of the perpen-
dicular ; what length will it bear before it overfet ?

Anf. 30(2 + /3) or 111°g615 feet.

Qu. 30. If the greateft angle at which a bank of
natural earth will ftand, be 45°; it is propofed to de«
texmine what thicknefs an upright wall of flone muft be

e throughout, juft to fupport a bank of 12 feet
high ; the fpecific gravity of the ftone being to that of
carth, as 5 to 4. Anf. 12,/5%, or 8:76356 feet.

Qu. 21. If the fone wall be made like a wedge, or
having if8 upnght feétion a triangle, tapering to a poitit
at top, but its fide next the bank of earth perpendicular

tQ
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to the horizon; what is its thicknefs at the bottom fo as
to fupport the fame bank ?

Anf. 124/%, or 10°733126 feet.

Qu. 32. But if the earth will only ftand at an angle
of 30 degrees to the horizontal line ; it is required to de-
termine the thicknefs of wall in both the preceding cafes.

Anf. the breadths are the fame as before, becaufe the

area of the triangular bank of earth is increafed in
the fame proportion as its horizontal pufh is de-
creafed.

Qu. 33. To find the thicknefs of an upright retangu-
lar wall, neceflary to fupport a body of water; the water
being 10 feet deep, and the wall 12 feet high ; alfo the fpecific
gravity of the water, as 11 to 7. Anf. 4204374 feet.

Qu. 34. To determine the thicknefs of the wall at
the bottom, when the feQion of it is triangular, and the
altitudes as before. Anf. 5:1492866 feet.

Qu. 35. Suppofing the diftance of the earth from the
fun to be g5 millions of miles, I would know at what
diftance from him another body muft be placed, fo as to
receive light and heat quadruple to that of the earth.

Anf, at half the diftance, or 47% millions.

Qu. 36. If the mean diftance of the fun from us be 106
of his diameters, how much hotter is 1t at the furface of
the fun, than under our equator ?

Anf. 11236 times hotter.

Qu. 37. The diftance between the earth and fun
being accounted g5 millions of miles, and between Ju-
piter and the fun 495 millions ; the degree of light and
heat received by Jupiter, compared with that of the earth,
is required.

Anf, 25k, or nearly I, of the earth’s light and heat.
Qu. 38. A
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Qu. 38. A certain body on the furface of the earth
weighs a cwt, or 1121b; the queftion is whither this
body muft be carried, that it may weigh only 101b.

Anf, either at 3°3466 femi-diameters, or ;% of afemi-

£y diameter from the center.

Qu. 39. Ifabody weigh 1 pound or 16 ounces upon
the furface of the carth, what will its weight be at 50
miles above it, taking the earth’s diameter at 7930
miles. Anf, 150z g} dr nearly.

Qu. 40. Where-abouts, in the line between the
earth and moon, is their common centre of gravity: fup-
pofing the earth’s diameter to be 7930 miles, and the
moon’s 2160 ; alfo the denfity of the former to that of
the latter, as 10 to 7, and their mean diftance 30 of the

earth’s diameters ?

Anf{, at 125 parts of a diam, from the earth’s center.
=77 P »

or 8% parts of a diameter, or g63 miles below the
furface.

Qu. 41. Where-abouts, between the caith and moon,
are their attraCtions cqual to each other ! Or, where muft
another body be placed, fo as to remain in equilibrio, not
being more attradted to the one than to the other, or
having no tendency to fall cither way? Their dimenfions
being as in the laft queftion.

Anf. From the earth’s center 26.% | of the earth’s di-
From the moon’s centre 32 ameters.

Qu. 42. Suppofc a flone, dropt irito an abyfs, fhould
be ftopped at the end of the 11th fecond after its delivery,

what fpace would it have gone through ?
Anf. 1046, feet.

’Qﬁ 43 What is the difference between the depths
of fwo "wells, into each of which fhould a ftonc be dropped

at
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at the fame inftant, one will ftrike the bottom at 6
fcconds, the other at 10? Anf, 1029] feet.

Qu. 44. If a ftone be 19% feconds in defcending from
the top of a precipice to the bottom, what is its height ?
Anf. 61151% feet.

Qu. 45. In what time will’a mufket ball, dropped
from the top of Salifbury fteeple, faid to be 400 feet high,
reach the bottom ? Anf. 5 fec. nearly.

Qu. 46. If a heavy body be obferved to fall through
100 feet in the laft fecond of time, from what height did
it fall, and how long was it in motion?

Anf. time 3373 fec. and height 2094271 feet.

Qu. 47. A ftone being let fall into a well, it was ob-
ferved that, after being dropped, it was 10 feconds before
the found of the fall at the bottom reached the ear.
What is the depth of the well?  Anf. 1270 feet nearly.

Qu. 48. Itis propofed to determine the length of a
pendulum vibrating feconds in the latitude of London,
where a heavy body falls through 16,5 feet in the firft
fecond of time. Anf. 39°11 inches,

By experiment this length is found to be 39} inches.

Qu. 49. What is the length of a pendulum vibrating
in 2 feconds; alfo in half a fecond, and in a quarter fe-
cond?

Anf, the 2 fecond pendulum 1563
the ; fecond pendulum g%i
the  fecond pendulum 2.%7; inches.

Qu. 50, What difference will there be in the number
: of
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of vibrations made by a pendulum of 6 inches long, and
another of 12 inches long, in an hour’s time?
Anf. 2692%.

Qu. 51. Obferved that while a ftone was defcending
to meafure the depth of a well, a ftring and plummet,
that from the point of fufpenfion, or the place where it
was held, to the center of ofcillation, meafured juft 18
inches, had made 8 vibrations. What was the depth of
the well? Anf. 41261 feet.

Qu. s2. If a ball vibrate in the arch of a circle, 10
degrecs on each fide of the perpendicular; or a ball roll
down the Jowefl 10 degrees of the arch; required the
velocity at the loweft point: the radius of the circle, or
length of the pendulum, being 20 inches.

Anf. 44213 feet per fec.

Qu. 53. If a ball defcend down a fmooth inclined
plane, whofe length is 100 feet, and altitude 10 feet;
bow long will it be in defcending, and what will be the
laft velocity ?

Anf, the veloc. 25°364 feet per fec. and time 7-8852 fec.

Qu. 54. If a cannon ball of 11b weight be fired
againft a pendulous block of wood, and ftriking the center
of ofcillation, caufe it to vibrate an arc whofe chord is 30
inches ; thegwadius of that arc, or diftance from the axis

to the lo point of the pendulum, being 118 inches,
and the peggulum vibrating in fmall arcs 40 ofcillations per
minute. quircd the velocity of the ball, and the ve-

locit#ofthe center of ofcillation of the pendulum at the

loweft point of the arc ; the whole weight of the pendu-
lum being s001b.

Anf, veloc. ball 1956-6054 feet per fec.

and veloc, cent. ofcil. 3°9os4 feet per fec.

Qu. 55. How
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Qu. 55. How deep will a cube of oak fink in com-
mon water ; each fide of the cube being 1 foot ?
Anf. 11;% inches.

Qu. 56. How deep will a globe of oak fink in water;
the diameter being 1 foot ? Anf, 9-9867 inches.

Qu. 57. Ifa cube of wood, floating in common water,
have 3 inches of its hecight dry above the water, and
4.5, inches diy when in fea water ; it is propofed to de-
tirmine the magnitude of the cube, and what fort of
wood it is made of.

Anf. the wood is oak, and each fide 40 inches.

Qu. 58. An irregular piece of lcad ore weighs in
atr 12 ounces, but in water only 7; and another frag-
ment weighs in air 13] ounces, but in water only 9 ; ree
quired their comparative denfities, or fpecific gravities.

Anf. as 145 to 132.

Qu. 59. An irtegular fragment of glafs in the fcale
weighs 171 grains, and another of magnet 102 grains;
but in water the firft fetches up no more than 120 grains,
and the other 79 : what then will their fpecific gravities
turn out to be?

Anf. glafs to magnet as 3933 to 5202, or nearly as 10

Cen -

to 13.

Qu. 60. Hiero, king of Sicily, ordered hig weller to
make him a crown, containing 63 ounces of gold."§ he work «
men thought that fubftituting part filver was onfy a proper
perquifite ; which taking air, Archimedes was appointed to
examine it ; who, on putting it into a veflel of water, found
it raifed the fluid 8:2245 cubic inches: and having dif
covered that the inch of gold more critically weighed
10°36 ounces, and that of filver but 5:85 ounces, he found

M by
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by calculation what part of his majefty’s gold had been
changed, And you are defired to repeat the procefs.
Anf. 288 ounces.

Qu. 61. Suppofing the cubic inch of common glafs
weigh 1°4921 ounces avoirdupois, the fame of fea water
*59542, and of brandy °5368; then a feaman having a
gallon of this liquor in a glafs bottle, which weighs
3'841b out of watcr, and to conceal it friun the officers
of the cuftoms, throws it overboard. It is propofed to
determine, if it will fink, how much force will juft buoy
it up. Anf. 14°1496 ounces,

Qu. 62. Another perfon has half an anker of brandy,
of the fame fpecific gravity as in the laft queftion; the wood
of the cafk fuppofe meafures § of a cubic foot; it is pro-
pofed to affign what quantity of lead is juft requifite to
keep the cafk and liquor under water.’

Anf. 89'743 ounces.

Qu. 63. Suppofe by meafurement it be found that
aman of war, with its ordnance, rigging, and zppoiat-
ments, finks fo deep as to difplace 50000 cubic fect of
water ; what is the whole weight of the vefici?

Anf, 1395, tons.

Qu. 64. It is required to determine what would b2 the
height of the atmofphere, if it were every where of the
fame demfity as at the furface of tic carth, when the
quickfilver in the barometer ftands at 30 inches; and alfo
what would be the height of a water uarometer at the fuae
time,

Anf. height of the air 175000 feet or 5-5240 milcs,
height of water 35 feet.

Qu. 65. With what velocity would each of thofe
three
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three fluids, viz, quickfilver, water, and air, iffue through
a fmall orifice in the bottom of veflels, of the refpe&ive
heights of 30 inches, 35 feet, and 5°5240 miles; efti-
mating the preflure by the half altitudes, and the air rufh-

ing into a vacuum ? feet.
Anf. the veloc. of quickfilver 8:967
the vcloc. of water 3355
the veloc. of air 968-6
But eftimating by the whole alt. the veloc. of air is 13698
And the mean between thefe two is 1169-2

which is nearly the velocity of found, and alfo ncarly equal
to the velocity of a ball through the air when it fuffers a
refiftance equal to the preflure of the atmofphere,

Qur. 66. A very large veflel of 10 feet high (no mat-
ter what fhape) being kept conftantly full of water, by a
large fupplying cock at the top; if g fmall circular holes,
cach § of an inch diameter, be opened in its perpendicular
fide at every foot of the depth; it-is required to deter-
mine the (everal diftances to which they will fpout on the
horizontal plane of the bafe, and the quantity of watcr
difcharged by all of them in 10 minutes,

Anf. the diftances are
VI8 or 424264
V32 - 565685
242 - 648074
V48 - 692820
V50 - 707106
v/48 - 6°92820
V42 = 648074
V32 - 505685
V18 - 4724264

and the quantity difcharged in 10 min. 87°5997 gallons.

M 2 Qu. 67. If
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Qu. 67. If the inner axis of a hollow globe of copper,
exhaufted of air, be 100 feet ; what thicknefs muft it be of,
that it may juft float in air?

Anf. 02688 of an inch thick.

Qu. 68. If a fpherical balloon of copper of 1 of
an inch thick, have its cavity of 100 feet diameter, and
be filled with inflammable air of ; of thc gravity of com-
mon air ; what weight will juft balance it, and prevent it
from rifing up into the atmofphere. Anf. 204531b.

Qu. 69. If a glafs tube, 36 inches long, clofe at
top, be funk perpendicularly into water, till its lower or
open end be 30 inches below the furface of the water;
how high will the water rife within the tube, the quick-
filver in the common barometer at the fame time ftanding
at 297 inches? Anf. 2:26545 inches.

Qu. 70. If adiving bell, of the form of a parabolic
conoid, be let down into the fea ta the feveral depths
of 5, 10, 15, and 20 fathoms ; it is requircd to affign
the refpetive heights to which the water will rife within
it: its axis and the diameter of its bafe being each 8 feet,
and the quickfilver in the barometer ftanding at 30°g
inches.

Anf. at 5 fath. deep the water rifes 2:03546 feet,

at 10 - = - 300393
at1g - - - 3770267
at20 - - -e 47146358,

PRAC-



PRACTICAL QUESTIONS

To exercifz the

DOCTRINE of FLUXTONS.

QuEesT. 1. A LARGE veflel of 10 feet high, and
of any fhape, being kept conftantly full of water, by means
of a fupplying cock at the top ; it is propofed to affign the
place where a fmall hole muft be made in the fide of it,
fo that the water may fpout through it to the greateft
diftance on the plane of the bafe.

Anf. the hole in the middle fpouts fartheft,

Qu. 2. If the fame veflel ftand on high, with its
bottom a given height above a horizontal plane below ; it
is propofcd to determine where the fmall hole muft be,
fo as to fpout fartheft on the faid plane.

- "Anf. in thc middle between the plane and top of
the veflel.

Qu. 3. But if the veflel ftand on an inclined plane,
making an angle of 30 degrees with the horizon, it is
propofed to determine the place of the finall hole, fo as
.to fpout the fartheft on the faid inclined plane.

Anf. f’_i'm_*/e’.. a below the top, the altitude of the veflel
being a.

M3 Qu. 4. Re-
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Qu. 4. Required the fize of a ball, which, being let
fall into a conical glafs full of water, fhall expel the moit
water poflfible from the glafs; its altitude being 6 inches,
and diamcter 3.

Anf. the diameter of the ball 4}§ inches.

Qu. 5. It is propofed to delermine the altitude and'
diamcter of a conical glafs, capable of containing a pint
of water, fo that a heavy ball of 4 inches diameter, being
dropt into it when full, may difplice the moflt wator
poilible.

Anf. the altitude 484350
and diameter 52716 inches,

Qu. 6. The diftance between two horizontal planes is
}:, and they are both cut at an angle of 30 degrees by
an oblique plane. Query from what point in the upper
plane a ball muft be dropped, fo that firiking the inclined
plane, and thence rcbounding from it, the ball may range
the fartheft poflible on the lower horizontal plane ; with
the whole time the ball is in motion.

Anf. height above point firuck on the obl. pl. 2T 473 4
3

the greateft range - - - - — aor2a
2+ W3,
. ?a —
the wholetimey/ 2= &/ 3 =4'8171 whena=100.
. 16 164;

Qu. 7. If an claftic ball be lct fall from the hcight of
100 feet above the plane of the bafe of a hemifphere, of
yo feet diameter, lying upon a horizontal plane; it is
propofed to determine on what part of the hemifphere the
ball muft impinge, fo that it may thence rebound to the
greateft diftance on the plane ; alfo to aflign the extent of
that diftance, and the whole time in motion.

Anf, ftrikes the hemif, at 4-0112 above the bafe,

' the greateft diftance 1142846 without the hemifph.
and the whole time 4'16705" in motion.
Qu. 8. The
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And if one of the forces, as F, be the force of gravity
at the furface of the earth, and be called 1, and its time
1T be = 1”7; then it is known by experiment that the cor-
refponding fpace s is = 16 feet, and confequently its
velocity v = 2s = 32¢, which call 2 g, namely ¢ = 16,%
feet or 193 inches. Then the above four theorems, in
this cafe, become as follows :

o
i
S|
I
3
I

7 2 s

e t=—-—-=—-—1\/._.
! 20f @ &f
8 AL
/ 20t gr* 485

And from thefe are deduced the following four theorems,
for variable forces, viz.

11.  In Variable Forces,

LV M
9. § = . = wot.
2¢gf
o 2gfs .
10. ¥ = %rf = 2gft.
., = 5 = 2__
v 2gf
o fotv
205 2g¢

In thefe four theorems, the force f, though variable, is
fuppofed to be conftant for the ixldcﬁnit;ély fmall time 7;
and they are to be ufed in all cafes of variable forces, as the
former ones in conftant forces ; namely, from thc;: q@atn-

. \aMffances,
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fances of the problem under confideration, dcduce an cx«
preflion for the value of the force 75 which fubflitute in one
of thefe theorems, which fhall be proper to the cafc in hund,
and the equation thence refulting will determine the cor-
refponding values of the other quantities required in the
problem.

Note.  That the motive force m, of a bedy, is equal to
4, the product of the accelerative force, and the quantity of
matter in it ; and, thciefore, 2 will be found by fubftituting

E for f in the theorems above.

Alfo the momentum, or quantity of motion, is ¢ v, the pro-
du& of the velocity and matter,

It is alfo to be obferved, that the theorems equally hold
good for the deftruction of motion and 1 clocity, by means
of retarding forces, as for the geacration of the fame by
means of accelerating forces.

And to the following problems, which are all refolved by
the application of thefe theorems, it has been thought proper
to fubjoin their folutions, for the better information and con-
venience of the ftudent.

The following table of the moft common and ufeful
forms of fluxions and fluents, is inferted, as it will be found
very ufeful for affigning the fluents found in many of the
following problems.

Note. ‘The logarithms mentioned in the fluents, are the
" hyggebolic ones, and the radius of the circle is 1.



.
Forms

ny/ a

Fluxions Fluents
i ATy I T'Lis form fails
n whenae = o
R —_— rails when
11 ”-1 + 7] Falow
a == xn xn-1.x _m.n_Xa_x moLn=0
mn-1 . ‘x'ﬂn
I * d 1 Fails when a
” 41 mna ™ loomorn=o0
a=* X" atx
. x
- 1V x-¥x Or — 10"' X
A
P
v T x —]og. a % xn
axx Fails wien 2z = o
-1 1 xR
x 1 x
VI — log.
a == an an a == xn
L 1 loo Va-+yxn
VII *
U — Al ”V Va - V"
x'l
Tner —— X 2 arctang. ¢/—
VI1II S e “
a4 =+ %" 1 . a—x"
X arc colin,
nva a = x"
nr
2w 2 — ——
IX — log. V¥ +v/E a + x*
a4+ xn »
I . xn
In1 - — X 2 arc fin. ¢/ — or
x b a
X prasam
3
_ I 24"
vVa—ax — X arc vers. —
” a
x~l 1 ..4.‘/“ + Az ‘/a
XI, log.
Vi = ban e VaEa+va
. xll
s X 2arc fec, y— or
X11 e ny a a
;
V — a-+ x» 1 a — xP
—— X arc cofin,




172 PRACTICAL EXERCISES

PROBLEM I.

To determine the time and velocity of a body defcend-
ing, by the force of gravity, down an inclined planc ; the
length of the plane being 20 feet, and its height 1 foot.

Here, by mechanics, 20:1 :: 1, the force of gravity:
% =/ the force on the plane.
Theref. bytheor. 6, vor v4gfsis 4 X 165, X X X 20
= V4 X 16; = 2 X 42 = 8 fect, the laft velo-
city per fccond,

And, by theor. 7, ¢ or \/__ isv// T = \/4600
l l 1
= 20 _ 78 feconds, thc time of defccndmg.
455

PROBLEM II.

If a cannon ball be fired with a velocity of 1000 feet per
fecond, in the diretion of, and up, a fmooth inclined plane,
that arifes 1 foot in 20: it is propofed to aflign the length
which it will afcend up the plane before it ftops and begins
to return down again, and the time of its afcent,

Here /" == .}, as before.

1000*
-4’- XI6 l‘:. x :ilo
E’P_‘Z_O;TOQE = 31088018¢ fect, or nearly 59 miles, the

Then, by theor. 5, s = ha
Y ’ 4ef

diftancc moved.

v _ 1060 __ 120000
2¢f 2 X16'; X ) 193
= 6217}47 = 10" 21”47, the tlmc ofaﬁ.cn*

1773
e

And, by theor. 7, z =

PROLCLEM
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PROBLEM III.

a1 a ball be projected up a fmooth inclined plane, which
rifes 1 foot in 10, and afcend 100 feet before it ftop : re-
quired the time of afcent, and the velocity of projeétion.

Firft, by theor. 6, v = y/4gfs =4/4 X 165 X 1% X
20 =8 y/10= 2536408 fect per fecond, the Velocity

And, by theor. 7,1 =4/ = = — 10
y 7> \/Zf \/]6'.['; X% A V

. = Yy/10 = 788516 feconds, the time in motion.

PROBLEM 1V.

If a ball be obferved to afcend up a fmooth inclined plane,
100 feet in ten feconds, before it ftop, to return back again:
required the velocity of projection, and the angle of the
plane’s inclination.

Firft, by theor. 6,v = 2L =20 = 50 feet per fec. the

t 10
velocity.
And, by theor. 8, f= 5 =  19°  _ 12 = Ty

gz 16, X 100 193
is, the length of the plane is to xts height, as 193 to 12.
Therefore, 193: 12 :: 100 : 62176 the height of the plane,
or the fine of clevation to radius 100, which anfwers to
3% 34, the angle of elevation of the plane,

PROBLEM V.

By a mean of feveral experiments, I have found that a
caft iron ball, of 2 inches diameter, impinging perpendi-
cularly on the face or end of a block of elm wood, or in the
direction of the fibres, with a velocity of 1500 feet per fe-
cond, penetrated 13 inches deep into its fubftance. It is

propofed
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’

propofed then to determine the time of the penctration, and

the refifling force of the wood as compared to the force

of gravity, fuppofing that force to be a conftant quantity.

Firft, bytheor. 7, t = 22 = 2. X 13 - T pare of
v 1500 X 12 692

a fecond, the time. .
Amlp-%‘;, “th. 8, f= 2 o? - 15002 N __ 81000000
485 4 X 16 X iL I3 X 193
= 322&‘K Thatpige whe refifting force of the wood, is
to the force of gravity,as 32284 to 1. N

But this number will be different, according to tm
diamster of the ball, and its denfity or fpecific gravity.

For, fince £ is as ki by theor. 4, tife denfity and fize of
5

- . . - .
the ball remaining the fame; if the denfity, or fpecific
gravity, #, vary, and all the reft be conflant, it is evident

. - ”*
that fwill be as #5 and thercfoie fas <. when the fize
s
of the ball only is conftant. But when only the diameter
varics, all the refl beiny conflant, the force of the blow
will vary as 4%, or as the magnitude of the ball; znd the
refifting furfuce, or force of refiftance, varies as d* 5 there-

d: .
, or as d only when all the reft ate con-

fore fis as — oE

x

4 .
ftant. Confequently £ is as &% when they are all” va-
riable.

Inv®
Andfol-j:lws . dnv?
Iy

pnvEy’ an 5 Dij

where f denotes the ftrength or firmnefs of the fubftance
penetrated, and is here fuppofed to be thc fame, for all
balls and velocities, in the fame fubftance, which it is
either accurately or nearly fo. See pa. 264 &c., of my
Tradls, vol. 1.

Hence,



CONCERNING FORCES, &c. 175

Hence, taking the numbers in the problem, it is
f_dnv’ _ 72 X 73 X 1500 44 X 1500°
5 TI 39
the value of f for clm wood. Where the fpecific gr;z,)-'
vity of the ball is taken 7%, which is a little lefs than
that of folid caft iron, as it ought, on account of the

air bubble that is caft in all balls.

= 2538462

PROBLLM VI,

To find how far a 241b ball of caft ifon will penctrate

' Jg;p a block of found elm, when fired with a vejgfity of
1600 fuct per fccond. :

.. .
. "Here, becaufe the fubftance is the fame as™in the laft
- problem, both of the balls and wood, N = #,agd F =f;

therefore oV or s = =¥ 5_ 5°557X 1600% X 13
T v l" *7 , 2 X 1500° «

= 41 inches ncarly,-the penqtr;mon €cquired. |

b .

PROBLEM VII

It was found by Mr. Robins (vol. 1 pa. 273) that an
18 pounder ball, fired witha city of 1200 feet per fecond,
penetrated 34 inches into®™und dry oak. It is required
then to afcertain the comparative flreny a4 or firmnefs of
oak and clm.

“The diameter of an 18 1b ball is 5'04 inches = p. Theg,
by the numbers given in this problem for oak, and in prob.
dv’s - 2 X 100" X 34
DV 504 X 1200* X 13
100 X 17 1700

~ 504 X 16X 13 1048

v for elm, we have f- =

—_ 7
= 7 nearly.

From which it would feem that elm refifts.merc than
oak, in the ratio of about 7 to 5; which is not probable,
as oak is a much firmer and harder wood. But itis to

2 ; be
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be fufpected that Mr. Robins’s great penetration was owing
to the fplitting of his timber in fome degree.

PROBLEM VIIH.

A 24 pounder ball being fired into a bank of firm earth,
with a velocity of 1300 feet per fecond, penetrated 15 feet :
It is required then to afcertain the comparative refiftances
of elm and earth.

Comparing the numbers here with thofe in prob. 5,

itis [ _ dvs _ 2X1500*" X15 X 12 _ 15" X 24
FF Dv%  §55 X 1300 X 13 13* X 0°37

8 . .

Lo 20 nearly = 6] ncarly. That is, elm refifls

271 3

about 63 times more than earth.

PROBLEM 1X.

To determine how far a leaden bullet, of I of an inch
diameter, will penetrate dry elm; fuppofing it fired with a
velocity of 1700 feet per fecond, and that the lead does not
change its figure by the ftroke againft the wood.

Here p = 3, N = 11}y, # = 7}  Then by the
. . DNV?s
numbers and thcorem in prob. 5, it is s = —— =
dnv*
1 X 11} X 1700% X 13 - 7P X3 63869 o:
2X 7L X 1500% 200 X 33  6boo ¥

inches nearly, the depth of penctration.

But as Mr. Robins found this penetration, by experi-
ment, to be only 5 inches ; it follows, either that his tim.
ber muft have refifted about twice as much; or elfe, which
is vefy probable, that the defe@ in his penetration arofe
from the change of figure in the leaden ball from the
blow againft the wood. .

PRO~
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PROBLEM X.

A one pound ball, projected with a velocity of 1500
fect per fecond, having been found to penetrate 13 inches
deep into dry elm: It is required to afcertain the time
of paffing through every fingle inch of the 13, and the
velocity loft at cach of them ; fuppofing the refiftance of
the wood conftant or uniform.

The velocity ¥ being 1500 feet, or 1500 X 12 = @000
inches, and vclocities and times being as the roots of the
fpaces, in conftant retarding forces, as well as in accelerating
ones, and ¢ being = 2. 26 =23 =

v 12 X I500 QOO0 692
part of a fecond, the whole time of pafling through the
13 inches ; therefore as
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V13 =12
BEZ
V12 — Vu
%
V11 —vVio
V13
V10 — 9

IE
Vo —vE
V13
v8 — V7
2713

PRACTICAL EXERCISES

v

v

o

v

V7= Wb

V13
Vb —

/13

/
- V5

V5 — V4 -

V13
A4 — 473
V13

V3= 2

V13
V2 — 31
V13
V1 — /0
V13

Sum

v

v

Vi3: Vi3 —yi2::v:

veloc. loft Time In the
Vi3 —vi2
= 588:::¢: t = roooos 1ft
5 Vi 5
/12 —
= 61'4:: ¢ A2 = VI 0006 2d
V13
— 4/
= 642 &c il—‘———‘—’-o-t = +00006 3d
V13
10 — /9
= 67 A M7 4 = +00007 4th
7'5 V13 7
— . A9 — */8 — . th
= 714 WiE t = *00007 §
= 760 —'&i ¢ = 00007 bth
V13
/7 — /6
= 816 A Xt = +00008 7th
Vi3 7
—_
= 888 —ﬁ?ls‘ = 00008 8th
= 983 -—“/57—;—-;—‘&—t = *00009 gth
= 114 V4~ N3, o011 10th
V13
V3 — /2
= 2°3 —_— = h
1323 iR 00013 I1t
V2 — AT
= 172° —_— t = *0c017 17th
723 713
/I — 4/0
= 4160 A ! = ‘00040 13th
4 ViE, 40 13
15000 Sum - or -00144 inch

—

Hence, as the motion loft at the beginmng is very fmall ;
and coufequently the motion communicated to any body, as
an inch plank, in paffing through it, is very fmall alfo; we
can conceive fuch a plank fhot through, without overfetting

it



CONCERNING FORCES, &c. 179

it; and may eafily compute the height and breadth of
fuch a plank as will juft fland without being overfet by
the ball in pafling through it.

PROBLEM XI.
To determine the circumftances of fpace, penetration,
velocity, and time, arifing from a ball moving with a
given velocity, and flriking a moveable block of wood, or
other fubflance.

Let the ball move in the direCtion AE paffing through
the centre of gravity of the block B, impinging on the
point ¢; and when the block has moved through the
fpace cp, in confequence of the blow, let the ball have
penetrated to the depth DF.

Let B = the mafs or matter in the block,
4 = the fame in the ball,
s = cb the fpace moved by the block,
x = DE the penetration of the ball, and theref.
-+ x = cE the fpace defcribed by the ball,
= the firft velocity of the ball,
@ = the velocity of the ball at g,
# = veloc. of the block at the fame inftant,
t = the time of penetration, or of the motion,
r = the refifting force of the wood.

Then fhall ':,T be the accelerating force of the block,
and % the retarding force of the ball,

N 2 Now
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Now becaufe the momentum Bl;, communicated to the
block in the time # is that which is loft by the ball,

namely — bu, thercfore Brt = — bv, and Bu = — bv.
But when v = a4, # = a; therefore, by corre&ting,
Bu = b(a — v); or the momentum of the block is
every wherc equal to the momentum loft by the ball.
And when the ball has penetrated to the utmoft depth, or
when # = o, this becomes Bu = b(a — u), or ab =
(B + b) u; that is, the momentum before the ftroke, is
equal to the momentum after it. And the velocity com-
municated will be the fame, whatever be the refifting force
of the block, the weight bcing the fame.

. .- or r -
Again, by theor. 6, itis #* = -iSB-’-S, and — o* = 45 X
(s =+ x), or rather, by correction, 4* — 2* = .4_[‘(:2 (s + x).
. bla* — v2) —
Hence the penetration or x = —(L—J—)ig—f: Anli

. &r
when v = #, by fubftituting # for v, and B#* for 4575
. ba* — (B + h)u*
the greateft penetration becomes ( ) 5 and

43
this again, by writing ab for its value (B + 0) 1, gives
Bba™ ba*
4g7(B+0) T 4gr

) ba*
! ). Which is barely equal to 4?“

the greateft penetration & =

when the
B—+b gr “ - v

block is fixed, or infiuitely great; and is always very
ba*

(r —

nearly equal to the fame when B is very great in

refpeét of 4. Hence
. a'h*
2

a* — u* “ —-(B—o—b)_’__B‘-{-sz a*h

5 =+ x = =

487 4gr T (B+0)* T 47
And thercforc B == b 1B 4+ 2b:: x 15 4 x,
' or B+ b: b iixcs,
C by Bb*a*
B4+0 447 (B+ b

and 5 =

Ex.
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Ex. When the ball is iron, and weighs 1 pound, it
penctrates elm about 13 inches when it moves with a
velocity of 1500 feet per fecond, in which cafe,

ro_a 1500° _ gooo* g
DT ggw T X6y x 11 dggxag | S
nearly.

When B = g500lb, and 4 = 1; then # = BL])Z =
1500 .

o1 = 3 feet nearly per fecond, the velocity of the
block.

Alfo s = 7" = 500 % 9 !

4gr 4 X 167, X 32284  461%
‘part of a foot, or .2 of an inch, which is the fpace moved
by the ‘block when the ball has completed its pene-
tration,

25 2 1
e u 4611 X 3 692 part of a fecond,
2 26
o T 12 6 ,
ort= 222 4l 12 b3 1
v 1500 0©.231.1500 692

part of a fecond, the time of penetration,

For the circumftances relating to the motion of a block,
hung by, and vibrating on, an axis, when ftruck by a
“pal, e my Tracts, pa. 116, &c,

PROBLEM XII.

The force of attra&tion, above the earth, being inverfely
as the fquare of the diftance from the centre ; it is propofed
to ‘determme the time, velocity, and other circumitances,
attending a heavy body falling from any given height;
the defcent at the earth’s furface being 1675 feet, or 193
inches, in the firft fecond of time.

N 3 Put
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Put

= cs the radius of the earth,
ca the dift. fallen from,
cp any variable diftance,
the velocity at p,

time of falling there, and )

1l

I

16,1, half the veloc. or force at a,
= the force at the point p.
Then we have the three following equations,

S R
Il

207
2z

the force at p, or the velocity
X

xzirrii2gl f =
per fecond that would be gencrated by the force there,
tv = — xy, and
201
V= == —
v = — fx =
4277
-

But when » = 4, the velocity v = 0 therefore, by cor-

. qor” g . a — x
reflion, ¢? = —— = -—“a— = 481 X

The fluents of the laft cquation give v* =

; or v =

a8 " — X ) .
VEL L0 gencral expreflion for the velocity
a x

at any point P.
. . 4 ” a — r
When x = 7, this gives v = /457 X for
I
the greateft velocity, or the velocity when the body ftiikes
the carth. oo
When « is very great in refpect of 7, the laft velocit‘y
,
becomes (1 — —1—-) X 4/ 4g+ very nearly, or nearly /4.9
/]

only, which is accurately the greateft velocity by falling
from an infinite height. And this, when » = 3965 miler,
is 6°9506 miles per fecond. Alfo the vclocity acquired in
falling from the diftance of the fun, or 12000 diame-
ters of the carth, is 6'9505 miles per fecond. And the
velocity acquired in falling from the diftance of the moon,
or 30 diameters, is 6°8924 miles per fecond. -

Again,
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Again, to find the time, fince v = — #, therefore

P =1 /2 x ———Z; the correét fluent
v 4t T Vax — xx

of which gives ¢ = ¢4a — X (y/ax — xx =~ arc to di-

44 . .
ameter « and vers. a — x); or the time of falling to any

point p = —I-\/i X (AB =+ BP). And when » = ry
2r g

this becomes # = —I--\/ﬁ X f-D—:-E-E— for the whole
time of falling to the:2 furface at s ; which is evidently in-
finite when 2 or ac is infinite, although the velocity is
then only the finite quantity 4/4g7.

When the height above the earth’s furface is given = g3
becaufe 7 is then nearly = a4, and AD nearly = s, the
X 2DS$

time ¢ for the diftance g will be nearly '\/4;r,_

= \/_:I; X «/4gr = 1", as it ought to be.

If a body at the diftance of the moon at A fall to the
earth’s furface at s, Then r = 3965 miles, 2 = 6or,
and ¢ = 416806” = 4da. 1gh. 46" 46", the time of falling
from the moon to the earth.

When the attra&ing body is confidered as a point ¢ 3
.*he whole time of defcending to c will be

L4 _ 8542 s
Py \/g X ABDC = ” ‘/g'

N 4 rR 0%
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PROBLEM XIII.

The force of attraltion below the earth’s furface being
diretly as the diitance from the center ; it is propofed to
determine the circumftances of velocity, time, and {pace
fallen by a heavy body from the furface, through a per-
foration made ftraight to the centre of the earth ; abftraét-
ing from the effet of the earth’s rotation, and fuppofing it
to be a homogeneous fphere of 3965 miles radius.

Put » = Ac the radius of the earth,

x = cp the diftance fallen, PR
v = the velocity at p, /’ l'] \‘
¢ = the time there, i\ U
£ = 16, half the force at a, o ! e
f = the force at p. TET
Then ca:cp::2g:f; and the three
equations are rf— 2.g%, and vY = —fx, and tv = — x

Hence f = x; the corre&t fluent of

ax —_
Y and ’U‘ZI::
”

’.l

“ 28 22
= — = PDy/
PD\/ - \/CE
the velocity at the point P; where Pp and’ CE are per-
pendicular to ca. So that the velocity at any point P, is

which gives v = y/2¢ X

as the perpendicular pp at that point.

avan

When the body arrives at c, then w =\/2‘gr.;_
V2g-aC = 25950 fect or 4°9148 miles per fecond, which
is the greateft velocity, or that at the centre c.

Again, for the time, i = = x -
me = = —

gain, for the time, p Vs T

]

. r
and the fluents give ¢ =‘/§ X arc to coﬁneT ==

L xarc ap. So that the time of defcent to any
287
pomt Py is as the correfponding arc AD.

When
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‘When p arrives at c, the above becomes ¢z = ‘/ng

X quadrant AE = —\/— =1 5708‘/— = 1267;

feconds = 21’ 7%, for thc time of falhng to the cen~
tre c.

The time of falling to the centre is the fame quantity
r . . .
1-5708y/ 2 from whatever point in the radius ac the

body begins to move. For let #» be any given diftance

from c at which the motion commences : then,by correction,
ﬁ .

v = \/.Z'E (n* — x*) 5 and hence t \/._. -7
r ‘/ﬂ —_x*

the fluents of which give ¢ _—.-\/;rg- X arc to cofine
x . . r
—; which, when ¥ = o, gives = \/2— X quadrant =
n 74

1-5708¢/ {-g- for the time of defcent to the centre c.

As an equal force, acting in contrary dire&ions, gene-
rates or deftroys an equal quantity of motion, in the
fame time ; it follows that, after pafling the centre, the body
will juft afcend to the oppofite furface at B, in the fame
time in which it fell to the centre from A; then from B
it will return again in the fame manner, throughcto a;
"and fo vibrate continually between A and r, the velocity
being always equal at equal diftances from c on both
fides; and the whole time of a double ofcillation, or of
pafling from A and arriving at A again, will be quadruple
the time of paffing over the radius Ac, or = :

.2 X 3'14164/% = 1h 24" 29".

PRO-
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PROBLEM XIv.

To find the Time of a Pendulum vibrating in the Arc
of a Cycloid.

Let s be the point of fufpenfion,
sa = the arc sB or sc the length of the pendulum,
€A = AB = sB or sc the femi-cycloid,
AD = ps the diameter of its generating circle, to
which FKE, HIG are perpendiculars.

‘To any point G draw the tangent Gp, alfo draw cq_parallel |
and pQ_perpendicular to Ap. Then PG is parallel to the
chord A1 by the nature of the curve. And, by the nature
of forces, the force of gravity : force in dirc&t. Gr :: Gp :
GQ_:: AI: AH :: AD: AI; in like manner, the force of
grav.: force in curve at E :: AD : AK ; that is, the acces~
Terative force in the curve, is as the correfponding chord
Axr or AK of the circle, or as the arc AG or AE of the
cycloid, fince AG is always = 2a1. So that the pro-
cefs and conclufions for the velocity and time of defcribing
any arc in this cafe, will be the fame as in the laft
problem. '

From whence it follows that the time of a femi-vibra-
tiof, in all arcs, AG, AE, &c, is the fame conftant quan-

tity
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tity 1-5708¢2— =r 5708¢— =1 5708¢—, and the
time of a whole vibration from B to C, or from c to B,
is 3-1416J2—1-, where / = As = aB is the length of

the pendulum, g = 16,'; feet or 193 inches, and 3°1416
the circumference of a circle whofe diameter is 1.

Since the time of a body’s falling by gravity through

i ], or half the length of the pendulum, is “/z_g’ which

. l

being in proportion to 3'14:6‘/;, as1to0 31416 ; there-
{
-]

fore the diameter of a circle is to its circumference, as
_.the time of falling through half the length of a pendu-
lum, to the time of one vibration.

If the time of the whole vibration be 1 fecond, this

. M4 " — — 22‘
cquation arifcs, 17 = 3° 14‘6‘\/ ,and hence / = 31416°

= B‘é—@, and g = 3:1416* X %l = 4'9348/. So that
y #if one of thefe, ¢ or /4 be given by experiment, thefe
equations will give the other. When g, for inftance, is
fuppoﬁ.d to be 16 feet, or 193 inches, then is / =

49348 i

. fecopds. Or if / = 397, the length of the feconds pen-
dulum for the latitude of London, then is g = 4°93481
= 193'07 inches = 16,.°7; feet, or nearly 16, feet, for
the fpace defcended by gravity in the firft fecond of
time in the latitude of London.

= 39°11 the length of a pendulum to vibrate

. Hence the times of vibration of pendulums, are as the
fquare roots of their lengths ; and the number of vibra~
tions made in a given time, reciprocally as the fquare roots

" of the lengths. And hence the length of a pendulum
vi-
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vibrating » times in a minute, or 60% is / = 39} X
60> 140850

n® nn "

When a pendulum vibrates in a circular arc, as the
length of the ftring is conftantly the fame, the time of
vibration will be longer than in a cycloid ; but the two
times will approach nearer together as the circular arc is
fmaller; fo that when itis very fmall, the times of vi-
bration will be nearly equal. And hence 395 inches is the
length of a pendulum vibrating feconds in the very fmall
arc of a circle,

PROBLEM XV.

To find the Velocity and Time of a Hcavy DBody de-
fcending down the Arc of a Circle, or vibrating in the
Arc by a Line fixed in the Centre.

Let p be the beginning of the de- T
fcent, ¢ the centre, and A the loweft )
point of the circle; draw DE and pQ_
perpendicular to Ac. Then the ve- \”".'“/' P
locity in P being the fame as in Q by A
falling through EqQ,, it will be v =
248 X EQ = 24/ (@ — %), Wien @ = AE, x = AQy~"
and g = 167,

But the fluxion of the time ¢ is = .—_‘:‘Z and Ap —

L)

rx :
, Wwhere r = the radius Ac. Therefore

V2rx — &*
£z X e -4
/S W2arx — &P X Ja — % 4a/C

Vax — x* X Jd =, where d = 2r the diameter.
-_—X

Or
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. d —_x x I. 3%
Ort =',/— X —m——— — e ———
“/g Vax — &* (r + 7 2 4d

I. 3. 5x3
2. 4. 643 &e).

But the fluent of ———n
Vaxr — x*

and vers. x, or it is the arc whofe rad. is 1 and vers.

2x . .
—: which call A. And let the fluents of the fucceeding
a

terms, without the coefficients, be B, ¢, D, E,&c. Then

will the fluxion of any one, as Q, at # diftance from
A, be (.L= x"A = xp, which fuppofe alfo = the fluxion

Of bP — dam 0 ax — 2> = bP — dent — 1exx"™24/ax — X*

.2
is — X arctorad. La
a

—_— B
diwn x BETE _yn gy o
—_—axx" = = 0P — x X
Vax — x* . Jax — &

= bP —den — LTeaP -+ dnxp,

Hence, by equating the coefficients of the like terms,

d=2, ="', and _zn—x_a?—zx"“‘/ax——-li
. n’ "7 an ’ = 2n .
Which being fubftituted, the fluential terms become
g )
d . —n i 1.

1) ¢ (—a L84 2)/ax — x* _ 3 .
4 g (—a 2d 2 2 - 4d*
34B — 2x,/ax — X* 1-3-5 5ac—2xVax — x*
. 244464} 6

— &c).

But when x = a, thofe terms become barely

31416  d 1’a  1*.3*4 1%.3%.5%a°

4 x/? X(-1 _?'Z_i".4"d"—2".47'.6"d3 -
&c); which being fubtradted, and x taken = o, there
arifes for the whole time of defcending down DA, or the

_ 31416 4 e
correted value of # = n ‘/g X (1. 2d

1% 31. a* 1% 31.. 51. a3
2°. 4;“,_ -+ 2% 42_ 6% ds3 -+ &C).
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When the arc is fmall, as in the vibration of the pen-
dulum of a clock, all the terms of the ferics may be
omitted after the fecond, and then the time of a vibration

t is nearly = 1'5708«/-2’.} X (1 +£-‘-) And therefore

the times of vibration of a pendulum, in different arcs,
are as 87 <+ a4, or 8 times the radius added to the verfed
fine of the arc.

If p be the degrees of the pendulum’s vibration, on
each fide of the loweft point of the fmall arc, the radius
being r, the diameter d, and 31416 = p; then is the

length of that arc A = f;: . But the verfed fine in
2 + 2
terms of the arc is @ = — — —— 4 &c = 2 _
2r 2473 d
4 2 4 T2
& + &c. Thercfore — =£‘-‘ - 2 &= pDo
343 d d 3d* 360"
L4 D4 2%
- 2 6];‘ + &, or only = ? 62" the firft term, by re-
jeQing all the reft of thc terms on account of their
a a ! D*
fi ll {S O = — ! = . 1 PO
mallnefs, or S5 hearly 12757 This value

. . a a .
then being fubftituted for —- or o B the laft near value

DZ
=)
51150
nearly. And thercfore the times of vibration in *dif-
ferent fmall arcs, are as §1150 + D% or as 51150 added
to the fquare of the number of degrees in the arc.

. . 7
of the time, it becomes 1 = 1'5708¢;- X (1 +
4

Hence it follows that the time loft in each fecond,

2

by vibrating in a circle, inftcad of the cycloid, is 1150

and confequently the time ‘loft in 2 whole day of 24
hours, or 24 X 60 X 60 feconds, is p* nearly. In
like manner, the feconds loft per day By vibrating in the arc
of A degrees, is $ A% Therefore, if the pendulum keep

4 true
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true time inone of thefe arcs, the feconds loft or gained
per day, by vibrating in the other, will be § (p* — A?).
So, for example, if a pendulum meafure true time in an
arc of 3 degrees, it will lofe 112 feconds a day by vi-
brating 4 degrees; and 26% feconds a day by vibrating
§ degrees ; and fo on.

And in like manner, we might proceed for any other
curve, as the ellipfe, hyperbola, parabola, &c.

PROBLEM XVI.

To determine the Time of a Body defcending down the
Chord of a Circle.

Let ¢ be the centre, AB the vertical
diameter, Ap any chord down which a
body is to defcend from p to A, and pQ_
perpendicular to AB. Now as the na-
tural force of gravity in the vertical di-
reCtion BA, is to the force urging the
body down the plane pa, as the length
of the plane ap, is to its height AqQ; therefore the ve-
locity in pa and qQa, will be equal at all equal perpendi-
cular diftances below PQ_; and confequently the

time in PA:timeinQA:: PA: QA ::BA:PAj; but
time in BA : time in QA :: 4/BA : 4/QA (i BA:PAj
hence, as three of the terms in each proportion are the
fame, the fourth terms muft be equal, namely the time
in BA = the time Pa.

.And in like manner the time in ep = the timein BA.
So that, in general, the times of defcending down all the
chords BA, BP, BR, BS, &c, or PA, RA, SA, &c, are all
equal, and each cqual to the time of falling freely through

the
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, S .o \
the diameter. Which time xs,./-?, where g = 16;; feet,

. 2
and r = the radius Ac; for /g : 4/27r:: 17: ,\/?r.

ScroLium. By comparing this with the refults of the
two preceding problems, it will appear that the times in
the cycloid, and in the arc of acircle, and in any chord of
the circle, are refpeltively as the three quantities

I, I + Z &ec, and ——

8r 7854
or nearly as the three quantities 1, 1 — 3-”7, 1°27324;
the firt and laft being conftant, but the middle
one, or the time in the circle, varying with the extent,
of the arc of vibration. Alfo the time in the cycloid
is the leaft, but in the chord the greateft; for the
greateft value of the feries, in prob. 15, when 2 = r, or
the arc Apisa quadrant, is 1°18014 ; and in that cafe the
proportion of the three times is as the numbers 1, 1°18014,
1°27324. Moreover the time in the circle approaches to
that in the cycloid, as the arc decreafes, and they are versy

nearly equal when that arc is very fmall.

P RO~
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PROBLEM XVIIL

To find the Time and Velocity of a Chain, confifting
of very {mall links, defcending from a {mooth hori-
zontal plane; the Chain being 100 inches long, and
I Inch of it hanging off the Planc at the Commence-
ment of Motion.

Put @ = 1inch, the length at the beginning ;
I = 100 the whole length of the chain ;
x = any variable length off the plane.

Then x is the motive force to move the body,

X .
and — = f the accelerative force.

/
. . . 2
Hence vv = 2gfs = 28 x Xx = ..{I‘f_f.
2
The fluents give v* = 2ng . But v = o when

2

x—-a"

x = g, therefore, by correftion, v* = 24 X y

r —
and v = ,/2¢ X 2 the velocity for any length

x. And when the chain juft quits the plain, x =}
I /% - a2
,and then the greateft velocity is ,/2g X Ia =

4 100° — 1* _ 386 X 9999
V2 X 193 X — - = Voo

inches, or 16-371585 fect, per fecond.

= 196°4590%

X
Again for — = J X —=====; the corre& flueng
a

Zg sz_
P PRy
of whxch ist= J;E X log. —— the time

for any length ». And when x = / = 100, itis ¢ =
0]



194 PRACTICAL EXERCISES
)

the txme when the laft of the chain juft quits the
plane.

PROBLEM XVIIIL

To find the Time and Velocity of a Chain, of very fmall
Links, quitting a2 Pulley, by pafling freely over it: the
whole Length being 200 Inches, and the one End
hanging 2 Inches below the other at the Beginning,.

Put 2 = 2, / = 200, and » = BD any variable
difference of the two parts AB, AC.
X . X xx
Then-l— = f; and vv or zgfs =287 x= 5—2—
2 2

-1' » and

v= /g X f—g—‘f-, the general expreffion of the

Hence the corre@ fluent is v* = g X

velocity. And when » = J or c arrives at a, it is

= VB x5 = fgy x BT o s

200
100 — 1* 386 X 0999 _ .
X pyvali V' oo = 19645902 inches, or

16°371585 feet, for the greateft velocity when the cham
juft quits the pulley.

. . l .
Again, # or ‘:I = f= e X,  And

the correct fluentis # = ,/-{- x log. il

4 .
the general expreﬂion for the time. And when ¥ =4
/ 7o 200
it bccomwk .‘/_...x l .._'.'.'..;“Z__.._f. = ‘/-—-—

e 772
X log.
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*
200 =+ V:oo — 2% = '/_1_;_: x 1. 100 +I¢g<_;ﬂ
= 2°69676 feconds, the whole time when the chain juft
quits the pulley.

So that the velocity and time at quitting the pulley in
this prob. and the plane in the laft prob. are the fame;
the diftance defcended 99 being the fame in both. For,
although the weight / moved in this latter cafe, be double
of what it was in the former, the moving force x is alfo
double, becaufe here the one end of the chain fhortens as
much as the other end lengthens, fo that the fpace de-
fcended lx is doubled, and becomes x ; and hence the ac-

. x . .
celerative force e or f is the fame in both ; and of courfe

the velocity and time the fame for the fame diffance de-
fcended,

PROBLEM XIX.

To find the Number of Vibrations made by two Weights,
conne&ed by a very fine Thread, pafing freely over a
Tack or a Pulley, while the lefs Weight 1s drawn up
to jt by the Defcent of the heavier Weight at the other
End.

- Suppofe the motion to commence at equal A
diftances below the pulley at B; and that the -
weights are 1 and 2 pounds.

»

Put @ = am, half the length of the thread;
b = 393 inc.or 33§ feet, the fecond’s pend. ]
X = Bw = BW, any fpace pafled over';
% = the number of vibmtions;
Then o = f = % is the ‘accelerating force, And

W -~ W
02 henee
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- x x

h = — e ————
ence v or V42fs = V4gfx, and tor v = Vaix

But, by the nature of pendulums, ¥z %= x: ¢/b :: 1 vibr. :

Va progn the vibrations per fecond made by either weight,

namely, the longer or fhorter, according as the upper or
under fign is ufed, if the threads were to continue of that
length for 1 fecond. Hence, then, as

. 5. . 3 b x
it = A — = ——
Vai it tvai x ‘/4ng Vaxx x*

the fluxion of the number of vibrations.

Now when the upper fign -+ takes place, the fluent is

Vx +,/a+ x

5 5
2 = 2./ X 10 o ——— et —_— X 10 .
Vo X8 Ve Vs X 18

a -4 2x = 21/411 -+

b
then becomes z = ¢—-’- X log. 1 «+y2 = J%ll x

&f
1173 ’
log, 1+ V2 = ‘/193 X log. 1 -+ y/2 = *688511,
the whole number of vibrations made by the defcending
weight.

a

But when the lower fign, or —, takes place, the fluent
b 25 .
is o/——= X arc to rad. x and vers, —. Which, when
Vs a ’

= o myes "pyle = 3 X 395
x = a, gives :1‘)1/2/-,- 3'1416 X ,;/4 X 193
31416 3

—— X V:;; -z 1°227091, the whole number of

vibrations made by the lefler or afcending weight,

~ It is evident that the wl;ole number of Vi-
ipns, in each cafe, is the fame, whatever the length
U 1, of

i
o \ - N
'
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of the thread is. And that the greater number is to the
lefs, as 15708 to hyp. log. 1 + /2.

Farther, the number of vibrations performed’in the fame
time ¢, by an invariable pendulum, conftantly of the fame

Iength o, is ,/?ba = *781190. For the time of de-

7
- . x
fcending the fpace a, or the fluent of ¢t = Tt when

X = aist = Jé_—. And, by the nature of pendu-
- b »*
lums, y/a: /b :: 1 vibr. @ v the number of vibra-
tions performed in 1 fecond ; hence 17 : z :: yf. : t,\/i
a a
L4

= ‘/-e-, the conftant number of vibrations.

&f

So that the three numbers of vibrations, namely, of the
afcending, conftant, and defcending pendulums, are pro-
portional to the numbers 1° 5708, 1, and hyp. log. 1 -+ /2,
or as 1°5708, 1, and -88137; whatever be the length
of the thread,

O3 PRO~
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PROBLEM XX.

To determine the Circumftances of the Afcent and
Defcent of two unequal Weights, fufpended at the two
Ends of a Thread paffing over a Pulley : the Weight of
the Thread and of the Pulley being confidered in the
Solution. Let

1 = the whole length of the thread;

a = the weight of the fame;

b = Aw the dif. of lengths at firft;

d = w — w the dif. of the two weights ;

¢ = a wt. applied to the circumference,
fuch as to be equal to its whole wt.
and fri¢tion reduced to the circum-

feren e ;

$=W+w—+ a—+ ¢ the fum of the _

weights moved,

b
Then the weight of b is il-, and d — ‘.’-; is the mov-
ing force at firft. But if x denote any variable fpace de-
fcended by w, or afcended by w, the difference of the

lengths of the thread will be altered 2x; fo that the dif-

b—2x

ference will then be 5 — 2%, and its weight 3

b—2x

a
/
= 4 —ab~+ 2“; and theref.-d—l-----'—ﬂ:'---—m-g-Jf = f the
! sl

tonfequently the motive force there will be d —

accelerating force there. Hence then vw = 20f% =

s dl— ab+2
2gx x =225 the fluents of which give

dl — ab + 2ax
ot zuq@‘-—q——' E

vorv = 2y i

the
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*
the general expreffion for the velocity, putting ¢ =

4 - al’. And when ¥ = b, or w becomes as far be-

[4
low w as it was above it at the beginning, it is barely
v = 2¢-b-£€ for the velocity at that time. Alfo, when
5
a, the weight of the thread, is nothing, the velocity is

only 2¢—§:, as it ought.
Again, for the time, tor -Z- = 1¥— X

the fluents of which give? = V% X log

the general expreflion for the time of defcending any
fpace x.
And if the radicals be expanded in a feries, and the

log. of it be taken, the fame time will become
sx dl x 3x* .

t = ~/[2._ X V= % (1_?;;-0- 200 - &c) Which,

therefore, becomes barely ~/--- when 4, the weight of the

thread, is nothing ; as it ought.

Lo ) rRo-
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PROBLEM XXI.

To find the Velocity and Time of Vibration of a2 fmall
Weight, fixed to the middle of a Line, or fine Thread
void of Gravity, and ftretched by a given Tenfion;
the Extent of the Vibration being very fmall,

Let 7 = Ac half the length of the thread;
a = cp the extent of the vibration ;
x = cE any vanable diftance from c;
w = wt. of the {mall body fixed to the middle;
w = a wt. which, hung at each end of the thread,
will be equal to the conftant tenfion at each
end, adting in the diretion of the thread.

Now, by the nature of forces, AE: CE:: w the force
in direGtion EA : the force in dire&ion ec. Or, becaufe
Ac is nearly = AE, the vibration being very fmall;

. . . w
taking Ac inftcad of AE,itis AC: CE:: W —-; the fopce
in Ec arifing from the tenfion in EA. Which will be

alfo the fame for that in EB. Therefore the fum is
2Wax

I
tenfions on both fides. Confequently = fthe ac-

celerative force thiere, Hence the equation of the fluxions
.. )
is

= the whole motive force in Ec arifing from the

2Wx
lw
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— 4_gw.f.;‘
lw

i a*
-—i%lv—x—-. But when » = g, this is - 'g}: and

isvv or 24fs = 3 and the fluents g* =

thould be = o; therefore the corre@ fluents are v* =
- T~
¥ the

yom yand v = /42w X o
velocity of the little body w at any point k. And whea

4gw X

.. w .
x = o, it isv = za‘/%—; for the greateft velocity at

the point c.

Now if we fuppofe w = 1 grain, w = 5lb troy, or
28800 grains, and 2/ = am = 3 feet; the velocity ¢

8 x 16, x 288r0
becomes a4,/ e = 1111}a. So that

it @ = 3 1c. the greatefi veloc. is ¢ ! fi. per fec.
if @ = 1 nc. the greateft veloc. is 923 ft. per fec.
if 2 = 6 inc. the greateft veloc. is 5557, ft per fec.

Iw -

Jt'
To find the time ¢, itist or —— = 2y X e
’ v : Wg Vot —x

w!
Hence the correé fluentis ¢t = ’“/:w—g X arc to cofine

X . . .
— and radius 1, the time in DE. And when x = o, the
a

whole time in Dc, or of half a vibration, is -7854.,/ 5—“—’— :
and con(eq.xently the time of a whole vibration through
nd is 1* 5708¢~

Ufing the foregoing numberd, namely w = 1, w =
28800, and 2/ = 3 feet; this expreflion for the time is
TIIX3
31416
But if w = 2, there would be 250 vibrations per fecond ;
and if w == yo0, there would be 3535 vibrations per fe-
cond.

= 3533, the number of vibrations per fecond.

V¥R O~
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PROBLEM XXII,

To determine the fame as in the laft Problem, when the
Diftance cp bears fome fenfible Proportion to the
Length aB; the Tenfion of the Thread however being
ftill fuppofed a Conftant Quantity.

P U — T

Ufing here the fame notation as in the laft problem, and
taking the true variable length AE for ac, it is AE or

2w 2Wx .
= the whole motive force

AE Vi -+ x*
from the two equal tenfions w in AE and EB; and there-

2w x .
fore — X — = fis the accelerative force at E.
w VP gk

Therefore the fluxional equation is vv or 2gfs =

EB.CE::2W:

w -— XX
498 « 5 and the fluents vz =
w Vi e

— /I -+ x* PBut when x = a, thefe are 0 =

X (] +a*— Jlr+5x*) = -——-—-—x(An--Ar.) And
(3wg

hence v = —
V w

fion for the velocity at E. And when E arrives at+c, it

X (AD — AE) the general expref.

. . fowg
gives the greateft velocity there = 4/ — X (Ap — Ac).
‘Which,
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‘Which, when w = 28800, w = 1, 2/ = 3 feet, and
V10— 3
2
= 548% feet per fecond. Which came out 5557% in
the laft problem, by ufing always Ac for AE in the
value of fi But when the extent of the vibrations is very
fmall, as % of an inch, as it commonly is, this greateﬂ"
velocity here will be /8 X 28800 X 167 X frize =

oX nearly, which in the laft problem was gg.

. rd .
cp= 6 inches or £ a foot,is /8 X 28800 X 16,5 X

—_
To find the time, it is # or — = VSWg b4

—_—

————————— making ¢ = AD = ¢/ 2 4+ a*.—To find
Ve— — Ve :’

the fluent the eafier, multiply the numerator and denomi-
nator both by V¢ + v + #%, fo fhall { = 1/—}. X

Jar = X o+ J1* + x*. Expand now the quan-
/'—:—-——.__._—_ .
tity W/ + /' + 5" in a feries, and put d = ¢ -+ J, fo
x* 2d +1 '
vl T 2dh
4d* +2dl + I 40d® + 8] + 12dP + 51 |
128430 . X — 204847 x* &c,)

fhall ¢ = Jgﬂwdz-x(r

Now the fluent of the firft term

x .
T is = the
x ) .
arc to fine — and radius 1, which arc call A ; and let
2 :

P, Q be the fluents of any other two fucceffive terms, with.
out the coefficients; the diftance of Q_from the firft term

A being nj then it is evident that q = PP = xzn A
_and’ P = x4, Affume  therefore Q= bp — w"’":

V@ — &3 thenis Q.Of AP o= b — 28— Teeatmiy
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‘/-;‘-—-:;’. - llc‘z.;' _ b' _ (271 — l)eazx’”“’x.
va — % NN
21— 1) ex™x ex*"x . .
( ....)_ -+ = bP — (27 = 1)ea’p

YoMat - & Jat — & .
4+ (27 — 1) ex*P 4 ex*P = bP — (21 = 1)ca’p +
2nex*P. Then, comparing the coefficients of the like
terms, we find 1 = 2¢n, and b = (27 — 1) ¢4a*; from

. . I 21 - 1
which are obtained ¢ = —, and 5 = ————— 2%, Con- .
2n 27
271 = 1) @*P — \2" Y 4t x2
fequentlyq = ( ) 4 , the gene-

2n
ral equation between any two fucceflive terms, and by

means of which the feries may be continued as far as we
pleafe. And hence, neglecting the coeflicients, putting

A = the firft term, namely the arc whofe fine is =, and
a

B, ¢, b, &c, the following terms, the feriec is as follows,

"3 J 2 2 2 3~/

d2A e A Y0 —— X 2B = 33,0 — X'

A -~ +3 -+

2 4
sa*c — x5 /a* — x
6

= 0; and when x = g4, the ferics becomes ]p -+
a%A a*B a*c

-+ 34 +-5-—6— &c, where p = 3°1416, or the fe-

- , . I
riesis 1 p (1 -+1a +;}a4 'i 2a5&c.)

So that, by taking in the coefficients, the general time
w (c+1)
8wy
2 _2d+1 J13 .

dl = 324D 2.4/' &5
o a’m—-:q/a’ —a?  2d+ 13488 — ¥ /e = 5*
..arcﬁm—m - +3zd‘13 :

&e.

&c. Now when x = o, this feries

of paffing over any diftance pe will be / b4

,px(r—o-

And
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And hence, taking x = o0, and doubling, the time of
a whole vibration, or double the time of paﬂing over cp
w (¢ 1) a

2wy dl' 34
2d+1 1.3 | 4d2 + 2dl 4 I* 1-3-5
3245 ;T;a - 1284 ) 2-4.~6

od? a4 dl* 4 5B 1.3.5. .
god + 8204‘;(1:; sk, z.i.Z.Z a*&c.) Which,

will be equal to L py/—— X (1 +

when a = o, or ¢ = / becomes only } p,/qv%, the fame

. asin the laft problem, as it ought.

Taking here the fame numbers as in the laft problem,
viz. / = 3, a =}, w= 2, w = 28800, g = 16,%;
then %p V’i.(.f_"'_g_). = +0040514, and the feries is
I =+ *006762 — 000175 + *000003 &c = 1°006590 ;

thereforc *c040514 X 1:006590 = *0040965 = --f.—

2457
is the time of one whole vibration, and confequently
245} vibrations are performed in a fecond : which were
250 in the laft problem.

P RO«
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PROBLEM XXIII.

It is propofed to determine the Velocity, and the Time
of Vibration, of a Fluid in the Arms of a Canal or
bent Tube.

Let the tube ABCDEF have its two  a'- t 6
branches Ac, GE vertical, and the :‘t e ke k
lower part cDE in any pofition what- T - ':'
ever, the whole being of 2 uniform c\:"\ h /} ")h
diameter or width throughout. Let N

water, or quickfilver, or any other

fluid, be poured in, till it ftand in

equilibrio, at any horizontal line BF. Then let one
furface be prefled or pufthed down by fhaking, from B to
¢, and the other will afcend through the equal fpace ¥c;
after which let them be permitted freely to return. The
furfaces will then continually vibrate in equal times be-
tween, ac and 6. The velocity and times of which of-
cillations are therefore required.

VVim) the furfaces are any—where out of a horizontal
line, as at pand Q, the 'parts of the fluid in QDR, oneach
fide, below Qr, will balance each other ; and the weight
of the pait in PR, which is equal to 2 PF, gives motion®
to the whole So that the weight of the part 2pF is the
motive force by which the whole fluid is urged, and there -

‘ e W is f:\“the acgele:atit{e force.  Which
weights being p?'opqi‘tinml to their lengths, if / be the

for

fength of the whole fluid; or axis of the tube filled, and
T I L . a’ R .
4 =¥G or then is - the accelerative force. Put-
LN B e
ting " theréf = 6P any variable diftance, v the

v velocity,
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velocity, and ¢ the time; then PF = 4 — x and
20 — 2” . ] .
———— = f'the accelerative force ; hence vv or 2gfs

]
= ‘%‘5- (6% = xx); the fluents of which give v* = i}:‘.
(2ax — x2), and v = /48 X 29X 7% s the general

l
expreffion for the velocityat any term. And when x = g,

it becomes v = 24,/ gl' for the greateﬂi velocityat BandF.

. . ; 1
Again, for the time, we have ¢ or - = X J? X
x . . l
————; the fluents of which give # = f,/— X
1/24? — x" g

x .

arc to verfed fine — and radius 1, the general expref-
a

fion for the time. And when x = 4, itbecomest = Lp

V—é— for the time of moving from G to F, p being

!
= 3'1416; and confequently Lp,/— the time of a whole

vibration from G to E, or from C to A. And which
therefore is the fame, whatever aB is, the¢ whole length /
remaining the fame.

And the time of vibration is alfo equal to the time of
‘the wibration of a pendulum whofe length is %/, or half
the length of the axis of the fluid. So that if the length
/ be 78 inches, it will ofcillate in 1 fecond.

Scuor. This reciprocation of the water in the canal,
is nearly fimilar to the maotion of the waves of the fea.
For the time of vibration is the fame, however fhort the
branches are, provided the whole length be the fame. So
that when the height is fmall, in proportion to the length

of
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of the canal, the motion is fimilar to that of a wave,
from the top to the bottom or hollow, and from the bottom
to the top of the next wave; being equal to two vibra-
tions of the canal; the whole length of a wave, from top
to top, being double the length of the canal. Hence the
wave will move forward by a fpace nearly equal to its
breadth, in the time of two vibrations of 2 pendulum whofe
ength is (] /) hatt the length of the canal, or one fourth
of the breadth of a wrave, or in the time of one vibration
of a pendulum whele Lngth is the whole breadth of the
waove, “aer the un es of vioration are as the fquare roots
of then .t . vont qu ontly, waves whofe breadth is
equalwo 4, o or 3, 7 .cet, will move over 333 feetin
2 fecowt ¢, .y, fect in « minute, or nearly 2 miles and
2 guarter i an hour.  And the velocity of greater or lefs
wamvee wil be increafed or diminithed in the fubduplicate
sativ of their breadths.

PROBLEM XX1V,.

To determine the Time of filling the Ditches of 2 Work
y with Water ot the Top, by a Sluicc of 2 Feet fquare ;
the Licad of Water above the Sluice being 10 Fect, and
the Dimeniions of the Ditch being 20 Feet wide at
Bottom, 22 at Top, g deep, and 1000 Feet long.

The cupacity of the ditch is 189000 cubic feet.

But /g : V/10:: 25 24/10g the velocity of the wa-
ser through the fluice, the area of which is 4 fquare
feet ; therefore 8,/10g is the quantity per feccond run-
ning through it 3 and confequently 8,/107 : 189000 ::

" 2_312:55 = 183" or 31’ 3" nearly is the time filling
Hos
the .

P RO~
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PROBLEM XXV.

To determine the Time of emptying a Veflel of Water
by a Sluice in the Bottom of it, or in the Side near
the Bottom, the Height of the Aperture being very
fmall in refpect of the Altitude of the Fluid.

Put @ = the arca of the aperturc or fluice ;
2g = 32, feet, the force of gravity;
d = the whole depth of water;
v = the variable alt. of the furface above the aperture ;
A = the area of the furface of the water,

Then /g : /x::2g:2,/gx the velocity with which
the fluid will iflue at the fluice ; and hence A : @ :: 2y/gx :

2
_____a:\/gx the velocity with which the furface of the water

will defcend at the altitude x, or the fpace it would de-
fcend in 1 fecond with the velocity there. Now in de-

fcending the fpace x, the velocity may be confidered as
uniform ; and uniform defcents are as their times ; there-

. 2@ . Ax . N

fore Vgx: S the time of defcending x
2a)/gx ) .

fpace, or the fluxion of the time of exhaufting. That is,

’-, - AX
T 2aygx

Then when the nature or figure of the veflel is given,
there will be given A in terms of x3 which value of A
being fubftituted into this fluxion of the time, the fluent
of the refult will be the time of exhaufting fought.

So if, for example, the veflel be any prifm, or every
where of the fame breadth; then A is a conftant quan-
P tity,
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tity, and therefore the fluentis — %J—g—. But when

x = d, this becomes « %‘/f, and fthould be o; there-
Vd — y/x
v,

a g
time of the furface defcending till the depth of the water
be x. And when ¥ = o0, the whole time of exhaufting

i A
fore the corre&® fluent is ¢ = — X% for the

is barely -3-,/.{:_.

And hence if 4 be 10000 fquare feet, @ = 1 fquare
foot, and 4 = 1o fect; the time is 7885% feconds, or
2 11’ 2§"%. .

Again, if the veflel be a ditch, or canal, of 20 feet
broad at the bottom, 22 at the top, g deep, and 1000 fect

o+ X 22 the breadth

of the furfacc of the water when its depth in the canal is x ;
90 + x

long ; thenisgg : go ~ x:: 22

and confequently A =

X 22000 is the furface

AX
—- = JI000 X

at that time. Confequently f or
4 y 2a4/gx

O+ x — ) .
p X T is the fluxion of the time; the corre®
99 aygx

fluent of which, when » = o, is 11000 X "8099:4 ’{I°
d 11000 X 186 X 3

X ¢— = =1 "% nearly, or 4h
z 9 X 43 345075 e, er 4

17 39"% the whole time of cxhaufting by a fluice of
1 foot fquare.

» DN
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PROBLEM XXVI.

To determine the Time of emptying any Ditch, or
Inundation, &c, by a Cut or Notch, from the Top
to the Bottom of it,

Let AB = x the variable height of water at
any time B &
AC = b the breadth of the cut; v —L\“F
d = the whole or firft depth of water ; R e

A = the area of the furface of the wa-
ter in the ditch;
g = 16 feet.

The velocity at any point b, is as 4/BD, thatis, as the
ordinate DE of a parabola BEC, whofe bafe is ac, and
altitude AB. Therefore the velocities at all the points in
An, are as all the ordinates of the parabola. Confe-
quently the quantity of water running through the cut
ARGC, in any time, is to the quantity which would run
through an equal aperture placed all at the bottom in the
fame time, as the area of the parabola Arc, to the area
of the paralellogram ABGc, that is as 2 to 3.

_But g1 yx::2g:2,/2xthe velocity at Ac; there-
fore 2 X 2,/gx X bx = 4bx,/gx is the quantity dif-

charged per fecond through ABGCc; and confequently

)3‘;@-{ is the velocity per fecond of the defcending fur-

4bxv/gx - — 3A.r —

"
LER S

" 4bxygx

face., Hence then ——

3a
the fluxion of the time of defcending.

Now when A the furface of the water is conftant, or
the ditch is equally broad throughout, the correét fuent
P2 of
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. . . . 3a VA — x .
of this fluxion gives t = Py X o for th
gencral time of finking the furface to any depth x.
And when x = o, this expreffion is iofinite; which

thews that the time of a complete exhauftion is infinite.

But if d = g feet, b = 2 fect, A = 21 X 1000 --
21000, and it be required to exhauft the water down
to J; of afoot decp; then x = ', and the above ex-

Te
3 X 21000 % 33—

— "
- T = 144007, or

preflion becomes

iy o
juft 4 hours for that time.  And if it be required to de-
prefs it 8 feet, or till 1 foot depth of water remain in the
ditch, the time of finking the water to that point will

be 43" 38”.

Again, if the ditch be the fame depth and length as
before, but 20 feet broad at bottom, and 22 at top;
then the defcending furfuce will be a variable quantity,

and, by prob. 235, it will be = -99-66— X 22000 ; hence

— 3as
4bxygx’

- N0 O .

Tbi/w Lx,\/xx x; the corret fluent of which

1000 9N — x 90 —

s X T e

ing the water to any depth x.

in this cafe the fluxion of the time, or be-

comes

is ¢ = ) for the time of fink-

Now when & = o, this expreffion for the complete
exhauttion becomes infinite.

. But. if x = 1 foot, the time # is 42" 56”1,
%whenx = ,';foot, the time is 3% 50’ 28”2,

PRO-
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PROBLEM XXVII.

To determine the Time of filling the Ditches of a For-
tification 6 Feet deep with Water, through the Sluice
of a Trunk of 3 Fest fquare, the Bottom of which is

“davel with the Bottum of the Ditch, and the Height
of the fupplying Water 1s g Fect above the Bottom of
the Ditch.

Let acpr re prefent the area of the ver- ’

ucal fluice, bon g a fguare of g fquare feet, 6 "
and AB levdd with the bottom of the ditch, =
And fuppcic the ditch filled to any height gF
AF, the furface bang then ot Fu. A Th

Put g = g the height of tre head or fupply ,
b =3=aA8 = AC,
= ]611"‘ k4
= the area of ahorizontal fe@ion of the ditches .

% = a — AF, the he'zht ot the head above EF.

> 03

Then /g /2 . 28 : 2¢/gx the velocity with which the
water prefles through the part AEFB; and therefore
24/g% X AEFB = 2/y/7x (a« — x) is the quantity per
fecond runming through AEFs. Alfo, the quantity running
per fecond thiough Ecpris 2¢/g2 X [ ECDF = Y by/gx
(1= & + a) nearly. For the 1eal quantity 1s, by proceed-
ing as i the laft prob. thc dif, between two parab. fegs.
the alt. of the one being x, 1ts bafe 4, and the alt, of the
other @ = b3 and the medium of that dif. between its
greateft flate at AB, where it 1s % aD, and its leat ftate
at cp, wherc it 1s 0, is nearly i} Ep. Confequently the
fum of the two, or Léy/gx (a < 11b — x) is the quan-

tity per fecond running in by the whole fluice acpbe.
P32 Hence
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+ 11h — x

Hence then }by/gx X i = v is the rate Hr

velocity per fecond with which the water rifes in the

. . x -:-6A
ditches; and fov: = #:: 1" f = —

=

v g

xx the fluxion of the time é)f filling ta any heist.

C — X
AE, putting ¢ = a + 118,

Now when the ditches are of equal width throughout,
A is a conftant quantity, and in that cafe the correét

6a Vi+va
fluent of this flu is t = X log X
‘/u of this fluxion iV A= T —va
£ -
vz ‘/ ) the general expreffion for the time of filling to

any height AE, or @ — ¥, not cxceeding the height Ac
of the fluice. And when x = ac = a — b = dfuppofe,
then ¢ = 6 A Vi + Ja Ve — yd

by/ge o8 (1/c va' v+ vd
time of filling to c¢p the top of the fluice.

) s the

Agaip, for filling to any height ¢u above the fluice,
x denoting as before 4 — AG the height of the head
above GH, 2¢/gx will be the velocity of the water through
the whole fluice Ap : and therefore 252y/gx the quantity
2B/ g
A

per fecond, and = v the rife per fecond of the

-

water in the ditches; confequently v: — x:: 1” _r

ir

x -— A X . .
‘ wm o= = —— % —— the general fAuxion of the tlme;
v 2 g Vx '

the corre& nt of which, beingowhenx = e — b = 4,

ist = .b—’-{/—_ (o/d — /%) the time of filling from cp to
GH. . , 9' _
.Then the fum of the two times, namely, that of filling
3 ang that of filling from cp to GH, is
Ve + Ja Ve
v e (=" v f—'-«/d”

for
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jor the whole time required. And, ufing the numbers in

6 — 6
he problem, this becomes 33g [V 3 LE. V42

X log. (Z:: _: S‘;:;ﬁ : ‘;2) ] = 003577277 A
the time in terms of A the area of the length and breadth,
or horizontal fe&tion of the ditches. And if we fuppofe
that area to be 200000 fquare feet, the time required will
be 7154”, or 1t 54" 14",

And if the fides of the ditch flope a little, fo as to be
a little narrower at the bottom than at top, the procefs
will be nearly the fame, fubftituting for A its variable
value, as in prob. 25 and 26. And the time of filling
will be very nearly the fame as that above determined.

PROBLEM XXVIIIL

But if the Water, from which the Ditches are to be
filled, be the Tide, which at Low Water is below the
Bottom of the Trunk, and rifes to g Feet above the
Bottom of it by a regular Rife of One Foot in Half an
Hour; it is required to afcertain the Time of Filling
it to 6 Feet high, as before in the laft Problem.

Let AcpB reprefent the fluice ; and when the tide has
riifen to any height GH, below ¢p the top of the fluice,
without the ditches, let EF be the mean height of the
water within. And put

b =3 = aB = aAc;

£ = I6T1!'3 ¢ o

A = horizontal fe&ion of the ditches; Y - T

.x - AG " E..-u -1F
A

% = AE.

P4 Then
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Then /g : VEG :: 2g: 24/g(¥ — 2) the veloc. of thef
water through AEre; and ,
VE: EG it 42 4,/g (x — =) the mean veloc. thro’ renk;
theref. 2bz,/g (x — 2) is the quant. per fec. thro’ AE¥B;
and 44 (¥ — z) /g (¥ — z) is the fame through EGHF ;
confeq. 3b4/g X (2% + z) /& — z is the whole througir
AGHB per fec. This quantity divided by the furface a,

gives ——-‘/—‘E X (25 4+ 2) /> — 2z = @ the velocity per

fecond thh which EF, or the {urface of the water in the
ditches, rifes. ‘Thercfore

v-é::x”:;=i= 31 z .
v "bx/g (25 +2) /i T3

But, as GH rifes uniformly 1 foot in 30’ or 1800”, theref.
1: AG :: 1800”7 : 1800x = ¢ the time of the tide rifing

A 7
ngg (22 +2) /w22
or mz = (2x =+ z) /¥ — z.x is the fluxional cquation
exprefling the rclation between x and z; when m =

thro’ AG ; confeq.? = 1800x =

A - 329° or 13,37 when A = 200000 fquare
1200b,/8 231 = 4
feet.

Now to find the fluent of this cquation, aflume ==

'
%= Ax¥ o4 Bx? 4+ cx% + px? &c. So fhall

ey A 4 A*4-4B AP+ 4AR+ 8
Vx—z:xt---;xi——-—_"’_ x % — 46 C,'f&c,
1

8

5 8
25 4% = 2x + AxT 4 Bx2 + Ccx1 &g,

1

— A" . A'4 6am .
{zx + =) J#—z#:z#iﬁ;ﬁ —-3—4— xi; — + ,v':f;&c,

and mz = ,mAxt.r—o- MBXTx Smexix 4+ “Ampx'Ex &c.

Then
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Then equate the coefficients of the like terms,

fo fhall and confequently
Sma = 2, A= —51-';‘
mB = o, B =0
s 2
lll me = — ‘%Az’ C = _—i-.!
e 275m
16
l:‘mD = - .:As-— zAB, D:-—W
&c; &e.

Then thefe values of a, B, ¢, &c, fubflituted in the af-
fumed value of z, give

2 16
= ix:# -———4-——;"'.: — 41"‘&C;_
sm 275 m? 875m
4 s
or z = ——x1 very nearly.
sm

And when x = § = Ac, than =z = ‘886 of a foot, or

107 inches, = AE, the height of the water in the ditches

when the tide is at ¢p or 3 feet high without, or in the
_ firft hour and half of time.

the fluice.

Again, to find the time, after the above, ; ;
when FF arrives at ¢p, or when the water Grorenee M
. . . . C—p
in the ditches arrives as high as the top of ,_i ..... i

The notation remaining as before,
then szyg (* — =) per fec. runs thro’ Ar,
and £ (3 -= 2) o/ (* — ) per fec. thro’ ED nearly ;
theref. *bo/g X (12 + z) /x — z is the whole per
fecond through Ap nearly.

25k

4 _— ;
confeq. A X (12 + z) o/x — z = v is the velocity
per {econd of the point £; and therefore

viz 1’ i= 2o I8 =
v 2548 (12+ 2) Wy -z

= 1800x or mz = (12 +2z) J/x — z.:r, where
A

I

T2k = 237y nearly,

A&Am
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3 4 S 6
Affime z = Ax+ + BaT + cx¥ + px? &c. So fhall

— 1 A 2 A4 4B 1A'+ 4AB+8cC
I e Z = XF e = X T e Xz — X
2 8 16
5
&e;12 + = =12+Ax’¢‘+3x‘f —+ cxr &c; (xz+z)

WE = Zox = szxx—() Ax'i:r - (-,_-A + 68) x1x &c;
mz = Imaa Iy 4 4mm2x+,mcx:x &c. .

Then, equating the like terms, &c, we have
24 96 64

A=— BE= — c= p= —, nearly, &c.
m’ m® 5 sm? 3m*
8 2 64
Hence z = —xt — —-éxz -+ -gi-xz + —x &c.
m m 5m 3m

Or z = -8—:::' nearly.
m

But, by the firft procefs, when » = 3, z = 8863
which fubftituted for them, we have z = ‘886, and the
feries = 163 ; therefore the correét fluents are

z — 886 = — 163 + -g-x; - -?itx’ &c,
/3 m

8 -
OF Z + ‘744 = —x3 — —”——x * &ec,

And when z = 3 = Ac, it gives ¥ = 6.369 for the
height of the tide without, when the ditches are filled to
the top of the fluice, or 3 fect high ; which anfwers to
3 11 4V, .

Laftly, to find the time of rifing the remaining 3 feet
above the top of the fluice ; let

[ 18

x = cG the height of the tide above cbp, E ¥
% = ck ditto in the ditches above cp ; “" o
and the othegdinsenfions as before. ’

A B

Then
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Then ,/g: JEG :: 2g:2,/g(x — z) = the velocity
with which the water runs through the whole fluice aAp;
confequently AD X 2,/g (r — z) = 184/g (» — z) is the
quan*nty per fecond running through the fluice, and

: Jg —Y=o/x — z = v the velocity of z, or the rife of the

L]
Water in the ditches, per fecond ; hence v: z :: 1 : £ =

z A Z ° : °
—_ X = 1800x, and 71z = xy/x — =
v

1By8 Wy —z
is the fluxional equation; where # =

To find the fluent,

A _ 3200
180"y/g 2079

. 3 4 s 6
Aflume 2z = Ax2 = Bxz =+ Cx% =+ DxT &c.

3 4 5.
Thenx — 2 == x = AxZT — Bx7 — cxi &c,

A 2+ A* < 4B 3-
x‘/x —Z = xTx — XTIy — XZX &C,
2

. . - .
nz = Inaxix + inBxix 4 fncxix &c.
Then equating the like terms gives

A 2 . I LS -1
= C = —— = —
3n’ 6n*’ gon®’ s1on¥’
2 I 5
Hencez=—xz: — —x? —+ —XT - x% &ec.
3 6n2 qon 81014

But, by the fecond cafe, when z = o, » = 3'369,
wvhich being ufed in the feries, it is1:936; therefore the

. 2 3
corredt fluent is z = — 1936 + -S—nx'f —_

—x* &c.
And when z = 3, x = 7; the heights above the top of .
the fluice ; anfwering to 6 and 10 feet above the bottom of
the ditches. That is, for the water to rifc to the heightof 6

_ feet within the ditches, it is ncceﬂ}lry for the tide torife to 10

feet
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feet without, which jult anfwers to § hours ; and fo long it
would take to fill the ditches 6 feet deep with water,
their horizontal area being 200000 fquare feet.

Moreover, when ¥ = 6, then = = 2-117 the height
above the top of the fluice ; to which add 3, the height
of the fluice, and the fum 5:117, is the depth of water in,..
the ditches in 4 hours and a half, or when the tide has rifen
to the height of g feet without the ditches.

Note. In the foregoing problems, concerning the efflux
of water, it is taken for granted that the velocity is the
fame as that which is duc to the whole height of the fur-
face of the fupplying watcr. A fuppofition which agrees
with the principles of the greater number of authors:
though fome make the velocity to be that which is due to
the half height only: and others make it ftill lefs.

Alfo in fome places, where the diflcrence between two
parabolic fegments was to be taken, in eflimating the mcan
velocity of the water through a variable orifice, I have
ufed a near mean value of the expreffion ; which makes the
operation of finding the fluents much more eafy, and is
xt the fame time fufficiently ¢xaét for the purpofe in hand.

oF
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OF THE

MOTION or BODIES 1~ FLUIDS.

h PROBLEM XXIX. s

To determine the Force of Fluids in Motion. And the
Circumitances attending Bodies moving in Fluids.

1. It is evident that the refiftance to a plane, mov§11g
perpendicularly through an infinite fluid, at reft, is equal
to the preflure or force of the fluid upon the plane at reft,
and the fluid moving with the fame velocity, and in the
contrary diretion, to that of the plane in the former cafe.
But the force of the fluid in motion, muft be cqual to the
weight or preflure which gencrates that motion; and
which, it is known, is equal to the weight or preflure of 2
column of the fluid, whgfe bafe is equal to the plane, and
its altitude cqual to the height through which a body
muft fall, by the force of gravity, to acquire the ve-
locity of the fluid: and that altitude is, for the fake of
brevity, called the altitude due to the velocity. So that,
if « denote the area of the plane, v the velocity, and #
tbe fpecific gravity of the fluid ; then, the altitude due to

the velocity o being ;i:, the whole refiftance, or mo-
g .

v*  anvt .
tive forcem, willbe @ X 7 X = g being 16,5,

feet. And hence, cateris paribus, the refiftance is as the
fquare of the velocity.

2. This ratio, of the fquare of the velocity, may be
otherwife deriv;d thus. The force of the fluid in mo-

tion, muft be as the force of one particle multiplied by
' - the
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the number of them: but the force of a particle is as its
velocity ; and the number that ftrikes the planc ma p ven
time, is alfo as the velocity ; therefore the whole force is
as v X vor v thatis, as the fquare of the velocity.

3. If the direction of motion, inftead of being perpen-
dicular to the plane, as above fuppofed, were inclined to
it in any angle, the fine of that angle being s, to the
fadius 1; then the refiftance to the plahe, or the force
of the fluid againft the plane, in the ducction of
the motion, as affigned above, will be diminifhed in the
triplicate ratio of radius to the finc of the angle of in-
clination, or in the ratio of 1 to s3.

For, ap being the diretion of the plane, N g >
and BD that of the motion, making the
angle Aasp, whofe fine is 5; thic num-

ber of particles, or quantity of the fluid,
ftriking the plane, will be duninithed
in the ratio of 1 to s, or of radius to the finc of the

ahgle B of inclination; and the force of cach particle

will alfo be diminithed in the fame ratio of 1 to s; o

that, on both thefe accounts, the whole refiftance will be

diminifhed in the ratio of 1 to s% or in thc duplicate

ratio of radius to the finc of the faid angle. But again,

it is to be confidered that this whole rcfiftance is excited

in the direétion BE perpendicular to the plane ; and-any .
force in the direCtion =L, is toits effelt in the dire@lion

AE, parallel to BD, as AE to BE, thatisas 1 tos. So

that finally, on all thefe accounte, the refiftance in the

direQion of motion, is diminifhed in the ratio of 1 to s3,

or in the tiiplicate ratio of radius to the fine of inclination.

Hence, comparing this with article 1, the whole re--
fiftance, or the gltive forcc on the plane, will be m =

anvst

b

4£
4. Alfo
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4 Alfo if w denote the weight of the body, whofe plane
face 4 is refifted by the abfolute force 75 then the re-
anv*s3

4gw’

. mo_.
tarding force f, or e will be

5. And if the body be z cylinder, whofe facé of end is
a, and diameter &, or radius r, moving in the dire&ion of

its axis; becaufe then s = 1, and g = pr* = 1pd",
where p = 3141635 the refitting force 2z will be
24,2 24,2 3
npd’y = 1T v, and the retarding force f = npd’v
16g 16gw
npriv®
485w

6. This is the value of the refiftance when the end of
the cylinder is a plane perpendicular to its axis, or to the
direction of motion. But were its face a conical furface,
or an elliptic feGtion, or any other figure every where
equally inclined to the axis, the fine of inclination being
s : then, the number of particles of the fluid flriking the
face being flill the fame, but the force of cach, oppofed
to the diretion of motion, diminithed in the duplicate
ratio of radius to the fine of inclination, the reﬁﬁing

za 222
npd s = Y . But if the body

16¢ 48
. were terminated by an end or face of any other form, as a
fpherical one, or fuch like, where every part of it has a
diffcrent inclination to the axis, then a farther inveftigation
becomes neceflary, fuch as in the following propofition,

force m will be

PROw.
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PROBLEM XXX.

To determine the Refiftance of a Fluid to any DBody,
moving in it, of a Curved End, as a Sphcte, or 2
Cylinder with a Hemifpherical End, &c.

1. Let BEAD be a fection through
the axis cA of the folid, moving in
the diretion of that axis. To any
point of the curve draw the tangent
FG, meeting the axis produced in G:
alfo draw the perpendicular ordinates
£F, ef indefinitcly ncar to each other ;
and draw ae parallel to cc. Putting cF = 4
EF = y, BE = %, s = finc /G to radius 1, and
P = 314165 then 2py is the circumference whofe
radius is CF, or the circumference defcribed by the point

E, in revolving about the axis ¢A; and 2py X Ee or

2py.z. is the fluxion of the fuiface, or the furface deferibed
by Ee, in the faid revolution about ca, and which is
the quantity reprefented by @ in art. 3 of the laft problem :

o*s? - nu*sd .
X 2pyz or ——— X yz is the 1chiffance
27 .

hence

X4
on that ring, or the fluxion of the refiftunce to the body,
whatever the figure of it may be. And the fluent of

which will be the refiflance required. .

o

2. In the cafe of a fpherical form, putting the radius cA

—_— FF  CF
orcB =1, we have y = y/1* — 2% § = — = — =
? 4 ~/ L CE

x . . -
o) and yz or EF X Ee = CE X ac = rx; therefore the

-7 %3

X —)—3 X .gx

\ 2
general ﬂuxioﬁx 2—’%— X s3yz becomes
ner

nv* . ? .
= L— X «x3x; the fluent of which, or 14 is the
I X3 nt of which, e,

s

2 Ic-
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refiftance to the fpherical furface generated b): PE. And
for the

when v or cris = r or ca, it becomes
refiftance on the whole hemifphere ; which is alfo equal to
puv*dt

Y where 4 = 2r the diameter.

3. But the perpendicular refiftance to the circle of the

fame diameter d or BD, by art. § of the preceding pro-

. prvid?

blem, is ; which, being double the former, fthews

that the refiftance to the fphere, is juft equal to half the
direét refiftance to a great circle of it, or to a cylinder

of the fame diamcter.
4. Since ! pdsis the magnitude of tie globe, if N de-

note its denfity or fpecific gravity, its weight w will be
= }pdin, and thercfore the retardive force f or

m prnvrd® % 6 3nv*
w 320 pads T 167N
by art. 8 of the general theoroms in page 169; hence
n 1 N . .
then 37 =—, and ¢ = — X {dJ, which is the
4Nd s #

fpace that would be deferibed by the globe, while its
whole: motion is generated or deftroyed by a conftant
force which is equal to the force of refiftance, if no other
force alted on the globe to continue its motion. And if
the deafity of the fluid were equal to that of the globe,
the refifting force is fuch, as, ating conftantly on the
globe without any other force, would generate or deftroy
its motion in defcribing the fpace 44, by that accclerating
or retarding force.

5. Hence the greateft velocity that a globe will ac-
quire by defcending in a fluid, by means of its relative
weight in the fluid, will be found by making the refift-

Q ing
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ing force equal to that weight. For after the vclocity
is arrived at fuch a degree, that the refifting force is
equal to the weight that urges it, it will increafe no longer,
and the globe will afterwards continue to defcend with that
velocity uniformly. Now, N and » being the feparate
fpecific gravities of the globe and fluid, N — » will be the
relative gravity of the globe in the fluid, and therefore
w = 1pd3 (N — u) the weight by which it is urged;

S u g nord
alfo m =

is the refiftance ; confequently

= ¢pd* (N — n) when the velocity becomes uniform ;

for the faid

from which is found v = ,/4g-4d « i

n
uniform or greateft velocity.

And by comparing this form with that in art. 6 of
the general thcorems in page 169, it will appear that its
greateft velocity is equal to the velocity generated by the

accelerating force

—n . o
- in defcribing the fpace %4, or

equal to the velocity gencrated by gravity in freely de-

feribing the fpace AR 4. If N = 2n, or the

fpecific gravity of the globe be double that of the fluid,
N —n .

then ~ = 1 = the natural force of gravity; and

then the globe will attain its greateft velocity in de-
fcribing %4, or % of its diameter. It is farther evi.
dent that if the body be very fmall, it will very foon

acquire its greateft velocity, whatever its denfity may
be.

Ex. If a leaden ball, of 1 inch diameter, defcend in
water, and in air of the fame denfity as at the earth’s fur-
face, the three - fpecific gravities being as 11}, and 1,

and
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and 5 5. Thenv = ,/4.16. 55105 = L,/31-193
= 8'5944 feet, is the greateft velocity per fecond the
ball can acquire by defcending in water. And v =
V4 e i 122 nearly = P y/22101 = 259°82 is
the grcateﬁ: velocity it can acquire in air.

But if the globe were only ;!5 of an inch diameter,
the greateft velocities it could acquire, would be only
75 Of thefe, namely 2%, of a foot in water, and 26 feet
nearly in air.  And if the ball were flill farther diminifhed,
the greateft velocity would alfo be diminithed, and that

in the fubduplicate ratio of the diameter of the ball.

PROBLEM XXXI.

( o

To determine the Relations of Velocity, Space, and
Time, of a Ball moving in a Fluid in which it is pro-
je&ted with a given Velocity.

1. Let @ = the firft velocity of projefion, x the
fpace defcribed in any time z, and v the velocity then.
Now, by art. 4 of the laft problem, theaccelerative force

f = 3no” et where N is the denfity of the ball, #

S 16gN
that of the fluid, and 4 the diameter. Therefore the
. . . . — 200
gencral equation vy = 2gfs becomes vv = Xy
8nd
—3n- 3z

v
and hence — = x = — bx putting b for =—
v

8nd 8nd
And the corre&t fluent of this is log. @ — log. v or
log. —:— = bx. Or, put ¢ = 2718281828, the number

Q.2 whofe
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. . a )
whofe hyp. loz. is 1, thenis — = (v, and the velocity
: k%4

a -t x

o= = ac

cLx

2. The velocity @ at any time being the ¢-f part of
the firt velocity, thercfore the velocity loft in any time

o — .
part of the fuft

will be the 1 — ¢+ part, or the

t X

velocity.

Ex. 1. If a globe be projelled, with any velocity, in
a medi:m of the fame denfity with iticlt, and it deferibe
a fpace equal to 34 or 3 of its diamcters. Then

¥ = 3dyand b = 32— i; therefore by = 2, and
3 Brnd 84 ‘
=1 208
Joci — lv 2 of the
the velocity loft is nE: 308 or nearly } of t g

projeldile velocity.

Ex. 2. If an iron ball of 2 inches diameter were pro-
jeéted with a velocity of 1200 feet per fecond, to find
the velocity loft after moving through 500 feet of air;

we fhould hove d = . = [, a = 1200, x == 5C0,
nx
N = 7! n = -co12; and therefore by = %;1 =
3+12:500-3+6 81 1270 .
3 = , and v = —— = 93 fect
8 22 . 10000 440 ci+s
per fecond: baving luft 207 fect, or nearly ! of its firft

velocity,

Ex. 3. If the carth revolved about the fun in a me-
dium as denfe as the atmofphere near the carth’s furfaec,
and it were required to find the quantity of motion loft in
a ycar. Then, fince the carth’s mecan denfity is about 4,

and
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,and its diftance from the fun 12000 of its diameters, we

have 24000 X 31416 = 75398 diameters = x, and
. . . bx —

by = 3 75398 - 122 = 7'5398; hence il

8+ 10000 + 9 chx
+7¢ parts are loft of the firft motion in the fpace of

2
a year, and only the , %, part remains.

Ex. 4. If it be rcquired to determine the diftance
moved, x, when the globe has loft any part of its motion,

as fuppofe -, and the denfity of the globe and fluid equal :
The general equation gives ¥ = L X log. o _ 8 X
v

3
log. of 2 = 1'84839254. So that the globe lofes half
its motion before it has defcribed twice its diameter.

. . s x cox
- 3. To find the time s, we have t = — = . = 2,
{ Y v a
Now to find the fluent of this, put 7 = b~ thenis b
N < . %
=log. z, and hx ==, or x = 7o confequently
z h
. & zx z -4 i
tor = = — = — and hence t = — = —— DBut
a a ab ab ab’
as ¢ and » vanith together, and when x = o, the quan-
cox 1 ) ooy — 1
tity -— = —, thercfore, by correction, ¢+ = =
u ab ab

O ¢ T, T I .

t— e— = —(— — —) the time fought; wherc b =

v ba b v 7

3n a .

—=—, and v = — the velocity.

N(l, obx )

. Ex. If an iron ball of 2 inches diametcr were pro-
jected in the air with a velocity of 1200 fect per fecond ;
and it were required to determine in what time it would

Q3 pafs
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pafs over 500 yards or 1500 feet, and what would be its
velocity at the end of that time: We fhould have, as
3:.12-3-6 -

~ 8.22 - 10000 271
1500 375 hence —% — 2716

- and — =
2716 679’ b T ’ “
I _ 17372 !

v a 1200 690

in ex. 2 above, & ) and bx =

. . S 1
690 is the vclocxty, and ¢t = - (—v-- —a-) = 2716

I
690 ~ 1200
and % nearly.

) = 11} feconds is the time required, or

"

1

PROBLEM XXXII

To determine the Relations of Space, Time, and Ve )
locity, when a Globe defcends, by its own Weight,
in an infinite Fluid,

The foregoing notation remaining, viz. 4 = diameter,
N and # the denfity of the ball and fluid, and w, s, 1,
the velocity, fpace, and time, in motion ; we have ! pd3
= the magnitude of the bally and { pd® (N — ) = its

1:_.1
weight in the fluid, alfo m = PEEYT s refiflance-
32g d!- 2
from the fluid; confequently ! pd3 (N — n) _P”z; it

the force by which the ball is urgzed; which being divided
by :pnd?, the quantity of mattcr moved, gives f = 1 —

” no* .
r_3" for the accclirative force.
N 16gNd

2. Hence
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’ . . Vv Nvv
/2. Hence vv = 2gfs, and s = by i

& ag(w—n)—

84
1 v . _ 37 I
= Txa_vz,puttmg b= mand ~ =
mg(";‘—_;)" or ab = 2g; the fluentof whichis s =
I

a .
lop. ———, an expreflion for the fpace s in terms
2b X g a — ,vz’ p P

of the velocity .

3. But now to determine v in terms of s, put ¢ =

2:718281828 ; then fince log. = 2bs, therefore

a - v
a a -

- = 2%, or = ¢267; and hence v =
a -~ a

Va4 — ac-aés the velocity fought.

4. The greateft vclocity is to be found, as in art. §of

2

. n v .
prob. 30, by making f or 1 — N Torvd = 0, which

N —=#n

gives v = /2g+ 84+ — = v/a. The fame value is
alfo obtained by making the fluxion of v* or @ — agc-26s =
0. And the fame value of v is obtained by making s in-
finite, for then c-26s = o.  But this velocity 4/a cannot

be attained in any finitc time, and it only denotes the

velocity to which the general value of @ or Va — acibs
continually approaches. It is evident, however, that it
will approximate towards it the fafter, the greater & is,
or the lefs 4 is; and that, the diameters being very {mall,
the bodies defcend by nearly uniform velocities, which
.are directly in the fubduplicate ratio of the diameters. See
alfo art. 5 prob, 30 for other obfervations on this head.

Qs . 5. Since
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5. Sincc ¢-2¢ is the number wholelog is — 245, it will

et &y

. 1
bec2h ==¢e =T —p = L — — 63
2-3 2-3‘4
. ns
putting ¢ = 25 = —:-;—I;r-(-z,; hence 1 — ¢¢ = ¢ — 3 ¢* =+
4

1

15— &, and v = Ja X Y1 — o = Var X (1 — L¢
4 S0 — 1ec® &), And when N is very great in
refpeét of #, then, all the terms after the firft being very
N —n —

— = V45
nearly, that is the vclocity frecly penerated by gravity,
as it ought.

fmally v will be nearly = /ae = /4g5.

. . ; I
6. To findthetime ¢ ; we have ¢t = — = V—T X
v 't

s . . .
=. Then to find the fluent of this fluxion, put
VI —_— =203
— u . 3
2 = 41 — 207 = —, 0oraz* =1 — ¢-267; hence z2
\/{1
. . zz I 2z
= bsic2by, wndy = — = = ; confequently
4 ’ b2l b1 =zt 4 ¥
. 1 z . .
: = « =2 and therefore the fluent is ¢ =
by/a 1 — 22
I 1 - J/I'— ¢ 2b:
— X log. = —— X log. Vo
2b,/a 1 — 2 2b4a I — 1 — o-2bs
1 e e, e
_ x log. v , which is the general cex- «
2by/a Va— v

prefion for the time.

7. When N is very great in refpect of 75 then, as in

Vi =4 2abs
art. 5, v = ,/2absyandloz. - = lor.. a4
Y Ya—w ° Ju—y2abs

1 4= /2 bs 2,/2bs
= lor., —XZ__ — 24/24s5; and therefore ¢ = —% ——
1P /2bs v2bss 2bya

= V};_-ﬁ M—;-, the fume as the time of defcending

freely by gravity, as it ought,
2

Ex.
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Ex. If it were required to determine the time and ve-
locity, by defcending in air 1000 feet; the ball being of
lead, and 1 inch diameter.

Herce N = 11}, n = 3, d= %, and s = 1000.
216 « 8 .r1t  2.103.8.34.2500

3o 3-3-12-12:3
193-34- 50 322 3:3-3-12_ 9-
_?41;7 yand b= 83-11?’»-1. = 3-3?4-32500 = 68-5%‘;
193+ 34+ 50*

927

Hencea =

confeq. v = y/a X 1 — 261 = ,/

7 .8 " .

V1 — ¢ %5 = 2037 the velocity, And ¢ = 2by/a
T+ /1 — 2 24 - 2500 1-7838
Tog. ‘/__—=¢~4 50 tog, TL283
1 — 1 — - 3bs 27 - 193 0216175

8-5236", the tune.

NoTk. if the globe be {u lizht as to afcend in the fluid ;
it is only neceflry to chaige the figns of the firft two

terms in the value of /; or the accelerating force, by which
2z
N 4 no
it becomes /= — — 1 — ‘3‘
N 10¢Nd

ing in all refpedts as before,

; and then proceed-

SCHOLIUM,

"To compare this theory, contained in the laft four pro-

" blems, with experiment, I fhall here extraét the few follow-

ing nu:nbers from extenfive tables of velocitics and re-

fiftances, refulting from a courfe of many hundred very

accurate experiments, made by me in the courfe of the

year 17865 of which a particular account will be given
clfewhere.

In the firft column are contained the mean uniform or
greateft vclocities acquired in air, by globes, hemifpheres,
cylinders, and cones, all of the fame diameter, and the alti-

tude
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tude of the cone nearly equal to the diameter alfo,
when urged by the feveral weights, exprefled in avordupois
ounces, and ftanding on the fame line with the velocities,
each in their proper columns. So, in the firft line, the
numbers fhew that, when the greateft or uniform ve-
Yocity was accurately 3 feet per fecond, the bodies were
urged by thefe weights, according as their different ends
went foremoft ; namely, by -c280z when the vertex of
the cone went foremoft ; by r06402z when the bafe of the
cone went foremoft; by -027 oz for a whole fphere 5 by
c0450z for a cylinder; by +o510z for the flat fide of
the hemifphere ; and by *c200z for the round or convex
fide of the hemifphere. Alfo, at the bottom of all, are
placed the mean proportions of the refiftances of thefe
figures, in the neareft whole numbers. Note, the com-
mon diameter of all the figures, was 6375 or 6} inches;_
fo that the area of the circle of that diameter is juft 32-
fquare inches, or Zof a fquare foot; and the altitude of
the cone was 6 inches. Alfo the diameter of the fmall
hemifpherc was 4} inches, and confequently the area of its

v

bafe is 17 % {quare inches, or 3 of a fquare foot nearly.
The mean height of the barometer at the times of

making the experiments, was ncarly 3c°r inches, and of

the thermometer 62°; and confequently the weight of a,

cubic foot of air was cqual to 1} oz nearly in thofe circum-
ftances.
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/ B
Cone Hemifphere Small
Veloaity Whole | Cylin- | Hemuf,
per fec. globe der
vertex bafe flat round flat
feet oz oz oz oz oz oz oz
3 ‘028 | c0bg4 | 027 | ‘045 | -o51 | 020} ‘028
4 ‘048 | 109 | 047 | "coo ] cgb | 039 | ‘048
5 ‘071 | +162 | 068 | 143 148 | 063 | r072
6 ‘098 | 225 | 094 | *205| 211 | 092 | -103
7 ‘129 | 298 | 125 | 278 | 284 | ‘123 | ‘141
8 168 | -382 | 102 | 360 | 368 | ‘160 | <184
9 | 211 | 478 | 205 | 456 | 404 | 199 | -233
10 200 [ 587 | 255 | 565 573 | 242 | 287
11 315 | 712 | 310 | 688 | -698 | <292 | *349
12 3760 | ‘Bso | 370 | ‘826 | 8B36| 347 | "418
13 | 440 [1°000 | 435 | 979 | "988 | ‘409 | ‘492
14 ‘512 | 1°166 | *505 {17145 | 1°154 | 478 | *573
15 589 11346 | 581 |1-327 |1°336 | *552 | "661
16 | ‘673 {1546 | 663 |1°526 |1°538 | 634 | 754
17 | '762 {1:763 | 752 |1°745 |1°757 | 722 | "853
18 858 |2:002 | ‘848 | 1986 | 1998 | 818 | ‘959
19 ‘959 |2:260 | 949 [2°246 |2°258 | ‘922 | 1073
20 {1069 |2°540 | 1°057 |2-528 2542 | 1’033 | 1'196
Propore | 126 | 291 124 | 285 | 288 rig| 140
Numb.

From this table of refiftances, feveral pradtical in-

ferences may be drawn.

As,

1. That the refiftance is nearly as the furface; the
refiftance increafing but a very little above that proportion

in the greater furfaces.

Thus, by comparing together

-the numbers in the 6th and laft columns, for the bafes of
the two hemifpheres, the areas of which are in the propor-
tion of 171 to 32, or as § to g very nearly; but the
numbers in thofe two columns, exprefling the refiftances
are nearly as 1 t0 2, or as § to 10, as far as to the velocity

4

of




236 MOTION OF BODIES

of 12 feet; after which the refiftances on the greatcr’\\
furface increafe gradually more and morc above that pro-
portion. And the mean refiftances arc as 140 to 288, or
as 5 to 103. 'This circumftance therefore agrees nearly

with the theory.

-

2. The refiftance to the fame furfice, is nearly as the
fquare of the velocity ; but gradually increafes more and
more above that proportion as the velocity increafes.
This is manifeft from all the columns.  And therefore
this circumftance alto nc;u‘ly agrees with the theory, in
fmall velocities,

3. When the hinder parts of bodies are of cifferent
forms, the refiftances arc different, though the fore parts be
alike ; owing probably to the different preflures of the air on
the hinder parts. Thus, the refiftance to the fore part of
the cylinder is lefs than that on the flat bufe of the he-
mifphere, or of the cone; becaufe the hinder part of the
cylinder is more prefled or pufhed, by the following air,
than thofe of the other two figurcs.

4. The refiftance on the bafe of the hemifphere, is
to that on the convex fide, ncarly as 2? to 1, inftead of
2 to 1, as the theory afiigns the proportion. And there-
fore in this particular, the theory is attended with a cone

fiderable error.

5. The refiftance on the bafe of the conc, is to that
on the vertex, .nearly as 2.3 to 1, inftead of 5} to 1, as
the theory in pa. 223 art. 6 requires it to be.  -So that the
theory in this inftance gives lefs than half the truc ex-

perimented refiftagce.

6. Hence iﬁg can find the altitude of a column of air,
whofe preflure fhall be equal to the refiftance of a body,

‘moving through it with any velocity.
Let
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Let 4 = the area of the feltion of the body, fimilar to any
of thofe in the table, perpendicular to the di-
reftion of motion ;

r = the refiftance to the velocity in the table ; and
x = the altitude fought, of a column of air, whofe bafe

- is @, and its preflure r.

Then a+ = the content of the column in feet,

and 1%ax or {ax its weight in ounces;

r . -
therefore ax = 7, and ¥ = $ X —isthealtitude fought

in feet, namely 3 of the quotient of the refiftance of any
body divided by its tranfverfe feltion ; which is a conftant
quantity for all fimilar bodizs, however different in mag-
nitude, fince the refiftance r is as the feQlion 4, as we
have found in art. 1. Whena = Z of a foot, as in all
the figures in our table, except the fmall hemifphere ; then

r . .
¥ = } X — becomes x = *? r, where r is the refiftance in
a

our table to the fimilar body. If, for example, we take the
convex fide of the lurge hemifphere, whofe refiftance is
634 0z to a velocity of 16 feet per fecond; then » =
‘634, and x = '’ r = 2°3775 feet, is the altitude of the
column of air whofe preflure is equal to the refiftance on
a fpherical furface with a velocity of 16 feet. And to com-
patc the above altitude with that which is due to the given
velocity, it will be 32%: 16 :: 16 : 4 the altitude due to
the velocity 163 which is near double the altitude that is
equal to the preflure. And as the altitude is proportional
to the fquare of the velocity, therefore, in fmall velocities,
the refiftance to any fpherical furface, is equal to the
preflure of a column of air on its great circle, whofe al-
titude is 12 or *594 of the altitude due to its velocity.

7. Hence we may infer the great refiftance fuffered by
military projedtiles. For we find in the table that a
globe
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globe of 6} inches diameter, which is equal to the fize of{
an iron ball weighing 361b, moving with a velocity of
only 16 feet per fecond, meets with a refiftance equal to
the preflure of 3 of an ounce weight ; and therefore, com-
puting only according to the fquare of the velocity,. the leaft
refiftance that fuch a ball would meet with,. when moving,
with a velocity of 1600 feet, would be equal to the pref-
furc of 4171b, and that independent of the preffure of the
atmofphere itfcl{ on the fore part of the ball, which would
be 4801b more, as there would be no preflure from the
atmofphere on the hinder part, in the cafe of fo greata
velocity as 1600 feet per fecond.  So that the whole re-
fiftance would not be lefs than about goolb to fuch a
velocity.

8. Having faid in the laft article that the preflure of
the atmofphere is taken intirely off the hinder part of the
ball, moving with a velocity of 1600 feet per fecond;
which muft happen when the ball moves fafter than the
particles of air can follow by rufhing into the place quitted
and left void by the ball, or when the ball moves fafter
than the air ruthes into a vacuum from the preffure of the
incumbent air. Let us therefore inquire what this ve-
locity is. Now the velocity with which any fluid iffucs,
depends upon its altitude above the orifice, and is indeed
equal to the velocity acquired by a heavy body in falling
freely through that altitude. But, fuppofing the height
of the barometer to be 30 inches or 27 feet, the height
of an uniform atruofphere, all of the fame denfity as at
the earth’s furface, would be 2L X 14 X 833] or 29166
fect ; therefore /16 : 4/29166 :: 32 : 8,/29166 = 1366
feet, whigh is theyvelocity fought. And therefore with
a velocity of 1600 feet per fecond, or any velocity
above 1366 feet, the ball muft continually leave a vacuum
behind it, and fo muft fuﬁam the whole preflute of the

atmofphere
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tmofphere on its fore part, as well as the refiftance
.afl‘iﬁng from the vis inertia of the particles of air ftruck
* the ball.

9. Upon the whole we find %ﬂ"fg e refiftance of the air,
determined by our experimér.#§ differs very widely,
sth in refpet to the quantity of it on all figures, and in
" fpeét to the proportions of it 6n'oblique furfaces, from
_e fame as dgtermined by the preceding theory, which is
‘¢ fame as that of Sir Ifaac Newton, and moft modern
,ulofophcrq Neither fhould we fucceed better if we
e recourfc to the theory given by profeflor Gravefande,
- others, as fimilar differences and inconfiflencies {till
zcur.

We conclude therefore that all the theorics of the
efiftance of the air hitherto given, arc very erroneous.
And I have only laid down the preceding one, till further
xperiments on this important fubject fhall enable us to
Jeduce from them, another, that fhall be more confonant
tp the true phenomena of nature.

FINTIS.
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